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 Preface

Preface

In this volume I present some examples of Simple Differential Equations II, cf. also Calculus 1a,
Functions of One Variable. Since my aim also has been to demonstrate some solution strategy I have
as far as possible structured the examples according to the following form

A Awareness, i.e. a short description of what is the problem.

D Decision, i.e. a reflection over what should be done with the problem.

I Implementation, i.e. where all the calculations are made.

C Control, i.e. a test of the result.

This is an ideal form of a general procedure of solution. It can be used in any situation and it is not
linked to Mathematics alone. I learned it many years ago in the Theory of Telecommunication in a
situation which did not contain Mathematics at all. The student is recommended to use it also in
other disciplines.

One is used to from high school immediately to proceed to I. Implementation. However, examples
and problems at university level are often so complicated that it in general will be a good investment
also to spend some time on the first two points above in order to be absolutely certain of what to do
in a particular case. Note that the first three points, ADI, can always be performed.

This is unfortunately not the case with C Control, because it from now on may be difficult, if possible,
to check one’s solution. It is only an extra securing whenever it is possible, but we cannot include it
always in our solution form above.

I shall on purpose not use the logical signs. These should in general be avoided in Calculus as a
shorthand, because they are often (too often, I would say) misused. Instead of ∧ I shall either write
“and”, or a comma, and instead of ∨ I shall write “or”. The arrows ⇒ and ⇔ are in particular
misunderstood by the students, so they should be totally avoided. Instead, write in a plain language
what you mean or want to do.

It is my hope that these examples, of which many are treated in more ways to show that the solutions
procedures are not unique, may be of some inspiration for the students who have just started their
studies at the universities.

Finally, even if I have tried to write as careful as possible, I doubt that all errors have been removed.
I hope that the reader will forgive me the unavoidable errors.

Leif Mejlbro
30th July 2007
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1 Linear differential equations of second order and of constant
coefficients

Example 1.1 Given the differential equation

d2x

dt2
+ a1

dx

dt
+ a0 x = q(t), t ∈ R.

A student has found the solutions x = et and x = 2et, and he claims that these are the only ones.
How can one from the existence and uniqueness theorem alone conclude that this statement is wrong?

A. A theoretical question about a linear differential equation of second order.

D. Review the existence and uniqueness theorem.

I. According to the existence and uniqueness theorem there are for any given vector (t0, x0, v0) pre-
cisely one solution x = ϕ(t), for which

ϕ(t0) = x0, ϕ′(to) = v0.

 Linear differential equations og second order and of constant coeffi cients 
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We shall therefore be able to solve the systems of equations

et0 = x0, et0 = v0,

or

2et0 = x0, 2et0 = v0,

which of course cannot be done in general.

What is wrong is tat the two given solutions are linearly dependent, so they only define a 1-
dimensional set of solutions. The order of the equation is 2, so the set of solutions must have
dimension 2. Furthermore, we have not retrieved all linear combinations of et, so we see that there
are lots of errors in the statement above by this student.

Example 1.2 For a differential equation of the form

d2x

dt2
+ a1

dx

dt
+ a0 x = q(t), t ∈ R,

it is claimed that x = sin t and x =
1
2

sin 2t are both solutions. Prove from the existence and uniqueness
theorem, that this is wrong.

A. An application of the existence and uniqueness theorem.

D. Choose t = 0, and show that sin t and
1
2

sin 2t take on the same value and that the same is true
for their derivatives at t = 0.

I. Let ϕ(t) = sin t and ψ(t) =
1
2

sin 2t. Then ϕ′(t) = cos t and ψ′(t) = cos 2t. For t = 0 we get

(ϕ(0), ϕ′(0)) = (0, 1) = (ψ(0), ψ′(0)),

hence ϕ and ψ are two different solutions through the same line element. This is according to the
existence and uniqueness theorem not possible.

Example 1.3 Find the complete solution of the differential equation

d2x

dt2
− 3

dx

dt
+ 2x = 0, t ∈ R.

A. Linear homogeneous differential equation of second order and of constant coefficients.

D. Start by finding the roots of the characteristic polynomial.

I. The characteristic polynomial is

R2 − 3R + 2 = (R − 1)(R − 2).

The roots R = 1 and R = 2 are simple, so the complete solution is

c1e
t + c2e

2t, c1, c2 ∈ R, t ∈ R.

 Linear differential equations og second order and of constant coeffi cients 
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Example 1.4 Find the complete solution of the differential equation

d2x

dt2
− 6

dx

dt
− 16x = 0, t ∈ R.

A. Linear homogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial.

I. The characteristic polynomial

R2 − 6R − 16 = (R − 3)2 − 52 = (R − 8)(R + 2)

has the roots R = −2 and R = 8. Thus, the complete solution is

x = c1e
−2t + c2e

8t, c1, c2 ∈ R, t ∈ R.

Example 1.5 Find the complete solution of the differential equation

d2x

dt2
+ 2

dx

dt
+ 5x = 0, t ∈ R.

A. Linear homogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation.

I. The characteristic equation R2 +2R +5 = 0 has the roots R = −1± 2i, so the complete solution is

x = c1e
−t cos 2t + c2e

−t sin 2t, c1, c2 ∈ R, t ∈ R.

Example 1.6 Find the complete solution of the differential equation

d2x

dt2
− 2

dx

dt
+ 17x = 0, t ∈ R.

A. Linear homogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation and set up the solution.

I. Obviously, the characteristic polynomial R2 − 2R + 17 has the two simple roots R = 1± 4i. Thus,
the complete solution is

x = c1e
t cos 4t + c2e

t sin 4t, c1, c2 ∈ R, t ∈ R.

 Linear differential equations og second order and of constant coeffi cients 
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Example 1.7 Find the complete solution of the differential equation

d2x

dt2
− 3

dx

dt
+ 2x = 0, t ∈ R.

A. Linear homogeneous differential equation of second order and of constant coefficients. This ex-
ample is almost identical with Example 1.3, the only difference being that we here require all the
complex solutions.

D. Apply Example 1.3, or find the roots of the characteristic polynomial.

I. The characteristic polynomial R2 − 3R + 2 has the two simple roots R = 1 and R = 2. Thus, all
complex solutions are

x = c1e
t + c2e

2t, c1, c2 ∈ C, t ∈ R.

Example 1.8 Find the complete solution of the differential equation

d2x

dt2
− 6

dx

dt
+ 9x = 0, t ∈ R.

A. Linear homogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation, and then set up the solution.

I. The characteristic equation R2−6R+9 = (R−3)2 has the double root R = 3, hence, the complete
solution is

x = c1e
3t + c2te

3t, c1, c2 ∈ R, t ∈ R.

Example 1.9 Consider the differential equation

(1) c
d2x

dt2
− 2

dx

dt
+ x = 0,

where c is a positive real number.

1) Find for 0 < c < 1 that solution x = ϕc(t) of (1), for which ϕc(0) = 1 and ϕ′
c(0) = 1.

2) Find for c = 1 that solution x = ϕ1(t) of (1), for which ϕ1(0) = 1 and ϕ′
1(0) = 1.

3) Let t ∈ R be fixed. Is it true that ϕc(t) → ϕ1(1), when c → 1?

A. Linear homogeneous differential equation of second order and of constant coefficients, where one
of the coefficients can change independently of t. Check the behaviour of a solution during a limit
process with respect to this coefficient (a parameter).

D. For given c we find the roots of the characteristic equation. Then set up the solution.

I. The characteristic equation cR2 − 2R + 1 = 0, c > 0, has the solutions

R =
1
2c

{2 ±√
4 − 4c} =

1 ±√
1 − c

c
.

 Linear differential equations og second order and of constant coeffi cients 
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1) When 0 < c < 1, then the complete solution is

x = c1 exp
(

1 +
√

1 − c

c
t

)
+ c2 exp

(
1 −√

1 − c

c
t

)
, c1, c2 ∈ R,

where

x′(t) = c1 · 1 +
√

1 − c

c
· exp

(
1 +

√
1 − c

c
t

)

+c2 · 1 −√
1 − c

c
· exp

(
1 −√

1 − c

c
t

)
.

Thus

ϕc(0) = 1 = c1 + c2, ϕ′
c(0) = 1 = c1 · 1 +

√
1 − c

c
+ c2 · 1 −√

1 − c

c
,

i.e. c2 = 1 − c1, and

1 = c1 · 1 +
√

1 − c

c
+ (1 − c1) · 1 −√

1 − c

c
=

1 −√
1 − c

c
+ c1 · 2

√
1 − c

c
,

 Linear differential equations og second order and of constant coeffi cients 
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hence

c1 =
c

2
√

1 − c

{
1 − 1 −√

1 − c

c

}
=

c − 1 +
√

1 − c

2
√

1 − c
=

1
2
{1 −√

1 − c},

and

c2 = 1 − c1 =
1
2
{1 +

√
1 − c},

and we get

(2) ϕc(t) =
1
2
(1−√

1−c) exp
(

1+
√

1 − c

c
t

)
+

1
2
(1+

√
1 − c) exp

(
1−√

1−c

c
t

)
.

2) When c = 1, then the characteristic equation R2 − 2R + 1 = (R− 1)2 = 0, has the double root
R = 1. The complete solution is

x = c1e
t + c2te

t where
dx

dt
= (c1 + c2)et + c2te

t.

It follows from

ϕ1(0) = 1 = c1 and ϕ′
1(0) = 1 = c1 + c2,

that c1 = 1 and c2 = 0, so the solution is

ϕ1(t) = et.

3) We get by the limit process c → 1− in (2),

lim
c→1−

ϕc(t) =
1
2

et +
1
2

et = et = ϕ1(t),

so we obtain ϕ1(t) by this limit process.

Example 1.10 Consider the differential equation

d2x

dt2
+ a1

dx

dt
+ a0 x = q(t), t ∈ R.

We get the extra information that the functions

sin t + 2et and sin t + et − e−t

are both solutions. Find the complete solution based on this information.

A. Linear inhomogeneous differential equation of second order and of constant, though unknown
coefficients. However, we are given two solutions. Find the complete solution.

D. When we take the difference of the two solutions, we get a solution of the corresponding homoge-
neous equation. Put this into the left hand side of the equation.

 Linear differential equations og second order and of constant coeffi cients 
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I. The subtraction gives that

2ϕ1(t) = (sin t + 2et) − (sin t + et − e−t) = et + e−t = 2 cosh t

is a solution of the corresponding homogeneous equation, thus

ϕ1(t) = cosh t

is also a solution. Then by insertion into the left hand side of the equation we get

d2ϕ1

dt2
+ a1

dϕ1

dt
+ a0 ϕ1(t) = (a0 + 1) cosh t + a1 sinh t = 0.

Now, cosh t and sinh t are linearly independent, so we must have a0 = −1 and a1 = 0. We have
now reduced the equation to

d2x

dt2
− x = q(t).

Then the complete solution of the corresponding homogeneous equation is given by

c1 cosh t + c2 sinh t, c1, c2 ∈ R.

Then we insert the solution sin t + 2et, which gives that

q(t) = − sin t − sin t = −2 sin t,

and the equation is

d2x

dt2
− x = −2 sin t,

and its complete solution is

x = −2 sin t + c1 cosh t + c2 sinh t, c1, c2 ∈ R, t ∈ R.

Example 1.11 Consider the differential equation

d2x

dt2
+ a1

dx

dt
+ a0 x = q(t), t ∈ R,

where we get the information that the functions

t2 + e−t cos t and t2

are both solutions. Find the coefficients a1 and a0, and the function q(t).

A. Linear inhomogeneous differential equation of second order and of constant, though unknown
coefficients. There are given two solutions. One shall find the constants and the right hand side
q(t).

D. First find a solution of the corresponding homogeneous equation. When this is put into the
homogeneous equation we derive a1 and a0. Finally, insert t2 in order to get q(t).

 Linear differential equations og second order and of constant coeffi cients 
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I. The equation is linear, so the difference x = e−t cos t must be a solution of the corresponding
homogeneous equation. From

x = e−t cos t,
dx

dt
= −e−t(cos t + sin t),

d2x

dt2
= 2e−t sin t,

we get

d2x

dt2
+ a1

dx

dt
+ a0x = (−a1 + a0)e−t cos t + (2 − a1)e−t sin t = 0.

Now, e−t cos t and e−t sin t are linearly independent, so we must necessarily have −a1 + a0 = 0
and 2 − a1 = 0, and thus a0 = a1 = 2. The equation can now be written

d2x

dt2
+ 2

dx

dt
+ 2x = q(t).

By insertion of x = t2 we get

q(t) = 2t2 + 4t + 2 = 2(t + 1)2,

and the equation becomes

d2x

dt2
+ 2

dx

dt
+ 2x = 2(t + 1)2.

The corresponding complete solution is

x = t2 + c1e
−t cos t + c2e

−t sin t, c1, c2 ∈ R, t ∈ R.

Example 1.12 Find the complete solution of the differential equation

d2x

dt2
+ 3

dx

dt
+ 2x = et, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic equation. Then guess a particular solution.

I. The characteristic polynomial R2 + 3R + 2 = (R + 1)(R + 2) has the simple roots R = −1 and
R = −2. The corresponding homogeneous equation therefore has the complete solution

c1e
−t + c2e

−2t, c1, c2 ∈ R, t ∈ R.

Since the right hand side is not a solution of the homogeneous equation, we guess a particular
solution of the form x = c · et. Then by insertion

d2x

dt2
+ 3

dx

dt
+ 2x = 6c et.

This expression is equal to et for c =
1
6
. Thus, the complete solution is

x =
1
6

et + c1e
−t + c2e

−2t, c1, c2 ∈ R, t ∈ R.

 Linear differential equations og second order and of constant coeffi cients 
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Example 1.13 Find the complete solution of the differential equation

d2x

dt2
− 6

dx

dt
+ 9x = t3, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial and then the complete solution of the corresponding
homogeneous equation. Then guess a polynomial of third degree as a particular integral.

I. The characteristic equation R2 − 6R + 9 = (R − 3)2 = 0 has the double root R = 3, hence the
corresponding homogeneous equation has the complete solution

x = c1e
3t + c2te

3t, c1, c2 ∈ R, t ∈ R.

When we put x = at3 + bt2 + ct + d into the left hand side of the equation, we get

d2x

dt2
− 6

dx

dt
+ 9x

= 9(at3 + bt2 + ct + d) − 6(3at2 + 2bt + c) + (6at + 2b)
= 9at3 + (9b − 18a)t2 + (9c − 12b + 6a)t + (9d − 6c + 2b).

 Linear differential equations og second order and of constant coeffi cients 
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This is equal to t3, if

9a = 1, 9b − 18a = 0, 9c − 12b + 6a = 0, 9d − 6c + 2b = 0,

hence

a =
1
9
, b =

2
9
, c =

2
9
, d =

8
81

.

The complete solution is

x =
1
9

t3 +
2
9

t2 +
2
9

t +
8
81

+ c1e
3t + c2te

3t, c1, c2 ∈ R, t ∈ R.

Example 1.14 Find the complete complex solution of the differential equation

d2x

dt2
− 3

dx

dt
+ 2x = 2t2 + 3, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial; guess a polynomial as a particular solution.

I. The characteristic polynomial R2 − 3R + 2 = (R − 1)(R − 2) has the simple and real roots R = 1
and R = 2. The complete solution of the homogeneous equation is then given by

c1e
t + c2e

2t, c1, c2 ∈ C, t ∈ R,

cf. Example 1.3 or Example 1.7.

When x = at2 + bt + c is put into the left hand side of the equation, we get

d2x

dt2
− 3

dx

dt
+ 2x = 2(at2 + bt + c) − 3(2at + b) + 2a

= 2at2 + (2b − 6a)t + (2c − 3b + 2a).

This is equal to 2t2 + 3, when

2a = 2, 2b − 6a = 0, 2c − 3b + 2a = 3.

Thus a = 1, b = 3 and c = 5. The complete solution is

x = t2 + 3t + 5 + c1e
t + c2e

2t, c1, c2 ∈ C, t ∈ R.

 Linear differential equations og second order and of constant coeffi cients 
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Example 1.15 Find the complete solution of the differential equation

d2x

dt2
− 2

dx

dt
+ 5x = cos t, t ∈ R.

Write a MAPLE programme, which sketches the graph of one of the solutions of the differential
equation.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation. Insert the complex “guess” c · eit, and find the real part.

–0.2

–0.1

0

0.1

0.2

–3 –2 –1 1 2 3

x

Figure 1: The graph of
1
10

{2 cos t − sin t}.

I. The characteristic equation R2 − 2R + 5 = 0 has the roots R = 1 ± 2i. Thus, the corresponding
homogeneous equation has the complete solution

c1e
t cos 2t + c2e

t sin 2t, c1, c2 ∈ R, t ∈ R.

When x = c · eit, we get

d2x

dt2
− 2

dx

dt
+ 5x = c · i2 · eit − 2c · i eit + 5c · eit

= c(4 − 2i)eit,

which is equal to eit when c =
1

4 − 2i
=

1
10

(2 + i). Hence, if

x = Re
{

1
10

(2 + i)eit

}
=

1
10

{2 cos t − sin t}

is inserted into the left hand side of the equation we get the result Re eit = cost. The complete
solution is

x =
1
10

{2 cos t − sin t} + c1e
t cos 2t + c2e

t sin 2t, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.

 Linear differential equations og second order and of constant coeffi cients 
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We shall give a MAPLE programme of sketching the graph of the most obvious particular solution,
namely

1
10

{2 cos t − sin t} =
1
5

cos t − 1
10

sin t.

MAPLE programmes are rarely unique. Here, I have used the commands

plot(cos(x)/5-sin(x)/(19),x=-Pi..Pi,color=black);

Notice that the scales are different on the axis.

We note that

1
10

{2 cos t − sin t} =
√

5
10

{
2√
5

cos t − 1√
5

sin t

}
=

1
2
√

5
cos(t + ϕ),

where

cos ϕ =
2√
5

og sinϕ =
1√
5
.

Hence the particular solution is a pure sinus oscillation of period 2π and of modulus
1

2
√

5
and the

phase shift.

Example 1.16 Find the solution x = ϕ(t) of the differential equation

d2x

dt2
+ 2

dx

dt
+ 2x = −5 sin t, t ∈ R,

for which ϕ(0) = 0 and ϕ′(0) = 1.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation and put x = c · eit.

I. The characteristic equation R2 + 2R + 2 = 0 has the roots R = −1± i, so the complete solution of
the homogeneous equation is

c1e
−t cos t + c2e

−t sin t, c1, c2 ∈ R, t ∈ R.

If x = c · eit is put into the left hand side of the equation, we get

d2x

dt2
+ 2

dx

dt
+ 2x = c(−1 + 2i + 1)eit = c(1 + 2i)eit,

which is equal to −5eit for c = − 5
1 + 2i

= −1 + 2i. Hence we insert

x = Im{(−1 + 2i)(cos t + i sin t)} = 2 cos t − sin t,

from which we get Im{−5eit} = −5 sin t, and the complete solution is

ϕ(t) = 2 cos t − sin t + c1e
−t cos t + c2e

−t sin t, c1, c2 ∈ R, t ∈ R,

 Linear differential equations og second order and of constant coeffi cients 
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so

ϕ′(t) = − cos t − 2 sin t + (−c1 + c2)e−t cos t + (−c1 − c2)e−t sin t.

It follows from the initial conditions that

ϕ(0) = 0 = 2 + c1, dvs. c1 = −2,
ϕ′(0) = 1 = −1 − c1 + c2, dvs. c2 = 0.

Thus, the wanted solution is

ϕ(t) = 2 cos t − sin t − 2e−t cos t.

 Linear differential equations og second order and of constant coeffi cients 
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Example 1.17 Find a solution of each of the differential equations below:

1)
d2x

dt2
− 3

dx

dt
+ 2x = e−t, t ∈ R.

2)
d2x

dt2
− 3

dx

dt
+ 2x = 1 + t, t ∈ R.

3)
d2x

dt2
− 3

dx

dt
+ 2x = e−t + 1 + t, t ∈ R.

A. On the left hand side we have the same linear differential operator of second order and of constant
coefficients. Notice that it is the same differential operator as in Example 1.3, Example 1.7 and
Example 1.14.

The three right hand sides are different, though (3) is obtained by an addition of (1) and (2), so
we can get a solution of (3) by superposition.

D. In all three cases we are only requested to give one solution. Start by solving the characteris-
tic equation, and then give the complete solution of the homogeneous equation. Finally, guess
systematically a particular solution.

I. The characteristic polynomial R2−3R+2 = (R−1)(R−2) has the simple roots R = 1 and R = 2,
so the complete solution of the homogeneous equation is

c1e
t + c2e

2t, c1, c2 ∈ R, t ∈ R.

1) When we put x = c · e−t into the left hand side of the equation, we get

d2x

dt2
− 3

dx

dt
+ 2x = c(1 + 3 + 2)e−t = 6ce−t = e−t

for c =
1
6
. The complete solution is

x =
1
6

e−t + c1e
t + c2e

2t, c1, c2 ∈ R, t ∈ R.

2) When we put x = at + b into the left hand side of the equation, we get

d2x

dt2
− 3

dx

dt
+ 2x = −3a + 2at + 2b = 2at + (2b − 3a),

which is equal to 1 + t for a =
1
2

and b =
5
4
. The complete solution is

x =
1
2

t +
5
4

+ c1e
t + c2e

2t, c1, c2 ∈ R, t ∈ R.

3) Due to the linearity and the results of (1) and (2) we immediately get the complete solution

x =
1
2

t +
5
4

+
1
6

e−t + c1e
t + c2e

2t, c1, c2 ∈ R, t ∈ R.
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Example 1.18 Find a solution of each of the differential equations below:

1)
d2x

dt2
+ 4

dx

dt
+ 8x = e2t cos 2t, t ∈ R.

2)
d2x

dt2
+ 4

dx

dt
+ 8x = cos t, t ∈ R.

3)
d2x

dt2
+ 4

dx

dt
+ 8x = 2e2t cos 2t − 3 cos t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients. The same
homogeneous equation. Only one solution is wanted in each case.

D. Even if it is not requested, we shall nevertheless find the complete solution of the homogeneous
equation. Then:

1) Put x = c · e(2+2i)t, and take the real part.

2) Put x = c · eit, and take the real part.

3) Choose some linear combination of the solutions of (1) and (2).

I. The (simple) roots of the characteristic polynomials R2 + 4R + 8 = (R + 2)2 + 22 are R = −2± 2i,
hence the homogeneous equation has the complete solution

c1e
−2t cos 2t + c2e

−2t sin 2t, c1, c2 ∈ R, t ∈ R.

1) If we put

x = c · e(2+2i)t = c · e2(1+i)t

into the left hand side of the equation, we get

d2x

dt2
+ 4

dx

dt
+ 8x = c

{
22(1 + i)2 + 4 · 2(1 + i) + 8

}
e(2+2i)t

= c {4i + 8 + 4i + 8}e(2+2i)t = 8c(2 + i) e(2+2i)t,

which is equal to e2(1+i)t for c =
1
8
· 1
2 + i

=
2 − i

40
. Thus, a solution is

Re
{

1
40

(2 − i)e(2+2i)t

}
=

1
40

e2t {2 cos 2t + sin 2t}.

2) When we put x = c · eit into the left hand side of the equation, we get

d2x

dt2
+ 4

dx

dt
+ 8x = c(−1 + 4i + 8)eit = c(7 + 4i)eit,

which is equal to eit for c =
1

7 + 4i
=

1
65

(7 − 4i). Hence a solution is

Re
{

1
65

(7 − 4i)eit

}
=

1
65

{7 cos t + 4 sin t}.
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3) Since 2e2t cos 2t− 3 cos t is equal to two times the right hand side of (1) minus three times the
right hand side of (2), it follows from the linearity that a solution is given by

1
20

e2t {2 cos 2t + sin 2t} − 3
65

{7 cos t + 4 sin t}.

In all three cases we obtain the complete solution by adding all solutions of the homogeneous
equation to the particular solution.

Example 1.19 Find the complete solution of the differential equation

d2x

dt2
− 3

dx

dt
− 4x = − sin t + e2t + 1, t ∈ R.

A. Linear inhomogeneous differential of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial and thus find the complete solution of the homo-
geneous equation. Then guess systematically a particular solution of the inhomogeneous equation,
and finally use superposition.

I. The characteristic polynomial R2 − 3R − 4 has the roots

R =
1
2
{
3 ±√

9 + 4 · 4} =
1
2
{3 ± 5} =

{
4,

−1,

hence the homogeneous equation has the complete solution

c1e
−t + c2e

4t, c1, c2 ∈ R, t ∈ R.

If we put x = c · eit, we get

d2x

dt2
− 3

dx

dt
− 4x = c(−1 − 3i − 4)eit = c(−5 − 3i)eit,

which is equal to −eit for c =
1

5 + 3i
=

5 − 3i

34
. We therefore obtain the result − sin t = Im(−eit)

for

x = Im
{

5 − 3i

34
· eit

}
=

1
34

{5 sin t − 3 cos t}.

If we put x = c · e2t, we get

d2x

dt2
− 3

dx

dt
− 4x = c(4 − 3 · 2 − 4)e2t = −6ce2t = e2t

for c = −1
6
. We obtain the result e2t for x = −1

6
e2t.

If we put x = −1
4
, we get the result 1.

From the linearity we conclude that the complete solution is given by

1
34

{5 sin t − 3 cos t} − 1
6

e2t − 1
4

+ c1e
−t + c2e

4t, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.
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Example 1.20 Consider a differential equation

d2x

dt2
+

dx

dt
− 6x = q(t), t ∈ R.

Prove that there for any given numbers a, b ∈ R exists precisely one solution x = ϕ(t) of the differential
equation, for which ϕ(0) = a and ϕ(1) = b.

A. Boundary value problem for a linear inhomogeneous differential equation of second order and of
constant coefficients, where the right hand side has not been specified.

D. Find the complete solution of the homogeneous equation and apply the structure of the set of
solutions. Finally, show that the solution is uniquely determined by the conditions.

I. The characteristic equation R2 + R − 6 = 0 has the simple roots R = 2 and R = −3. Let ϕ0(t) be
any particular solution of the inhomogeneous equation. Then the complete solution is given by

ϕ(t) = ϕ0(t) + c1e
2t + c2e

−3t, c1, c2 ∈ R, t ∈ R.

 Linear differential equations og second order and of constant coeffi cients 
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Then insert the boundary conditions (this only means that we shall insert different values of t,
here t = 0 and t = 1),{

ϕ(0) = a = ϕ(0) + c1 + c2,
ϕ(1) = b = ϕ0(1) + c1e

2 + e2e
−3,

From these equations we get the following system of linear equations for the constants c1 and c2,{
e2c1 + e−3c2 = b − ϕ0(1),
c1 + c2 = a − ϕ0(0).

Since∣∣∣∣ e2 e−3

1 1

∣∣∣∣ = e2 − e−3 	= 0,

we conclude that to any given constants a, b ∈ R there is one and only one solution (c1, c2) ∈ R
2,

and the claim is proved.

Example 1.21 Consider a differential equation

d2x

dt2
− 4

dx

dt
+ 5x = q(t), t ∈ R.

Prove that for any given constants a, b ∈ R there exists precisely one solution x = ϕ(t) of the
differential equation, for which ϕ(0) = a and ϕ(1) = b.

A. Boundary value problem for a linear inhomogeneous differential equation of second order and of
constant coefficients, where the right hand side has not been specified.

D. Find the roots of the characteristic polynomial and apply the structure of the complete solution.
Then insert the boundary conditions and prove that the solution is unique.

I. The characteristic polynomial R2 − 4R + 5 has the two simple roots 2 ± i. Therefore, if ϕ0(t) is
any particular solution, then the complete solution of the inhomogeneous differential equation is
given by

ϕ(t) = ϕ0(t) + c1e
2t cos t + c2e

2t sin t, c1, c2 ∈ R, t ∈ R.

When we apply the boundary conditions we get the equations

ϕ(0) = a = ϕ0(0) + c1, dvs. c1 = a − ϕ0(0),

and

ϕ(1) = b = ϕ0(0) + c1e
2 cos 1 + c2e

2 sin 1.

Now, e2 sin 1 	= 0, so we get

c2 =
1

e2 sin 1
{
b − ϕ0(1) − {a − ϕ0(0)}e2 cos 1

}
,

and both c1 and c2 are uniquely determined by the conditions, and the claim is proved.
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Example 1.22 Consider the differential equation

d2x

dt2
− 4

dx

dt
+ 5x = cos t, t ∈ R.

Let a and b be two real numbers. How many solutions x = ϕ(t) of the differential equation satisfy
ϕ(0) = a and ϕ(2π) = b?

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Start by finding the roots of the characteristic polynomial, and find the complete solution of the
homogeneous equation. Since cos t = Re eit, we first guess (in a complex form) of a particular
solution of the form x = c ·eit. Finally, we apply the boundary conditions on the complete solution
and analyze.

I. The characteristic polynomial R2 − 4R + 5 has the simple roots R = 2± i, hence the homogeneous
equation has the complete solution

c1e
2t cos t + c2e

2t sin t.

If we put x = c · eit into the left hand side of the equation we get

d2x

dt2
− 4

dx

dt
+ 5x = c(−1 − 4i + 5)eit = 4c(1 − i)eot,

which is equal to eit for c =
1
4
· 1
1 − i

=
1
8

(1 + i). Thus, a particular solution is

Re
{

1
8

(1 + i)eit

}
=

1
8

cos t − 1
8

sin t.

The complete solution is

ϕ(t) =
1
8

cos t − 1
8

sin t + c1e
2t cos t + c2e

2t sin t.

From the given boundary value condition follows that

ϕ(0) = a =
1
8

+ c1, ϕ(2π) = b =
1
8

+ c1e
4π.

This gives

c1 = a − 1
8

og c1 = e−4π

(
b − 1

8

)
.

Here we have two possibilities:

1) If a − 1
8
	= e−4π

(
b − 1

8

)
, i.e.

e4πa 	= b +
1
8
{e4π − 1},

then there is no solution.
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2) If instead e4πa = b +
1
8
{e4π − 1}, then

c1 = a − 1
8

(
= e−4π

(
b − 1

8

))
,

and we can choose c2 arbitrarily, and we conclude that we have infinitely many solutions.

Example 1.23 Find the complete solution of the differential equation

d2x

dt2
+ 4

dx

dt
+ 4x = sin 2t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. The characteristic polynomial R2 + 4R + 4 = (R + 2)2 has the double root R = −2, hence the
complete solution of the corresponding homogeneous equation is

c1e
−2t + c2te

−2t, c1, c2 ∈ R, t ∈ R.

If we put x = αe2it into the left hand side of the equation, then

α
{
(2i)2 + 4 · 2i + 4

}
e2it = α · 8i · e2it,

which is equal to e2it for α = − i

8
. A particular solution of the original equation is

Im
{
− i

8
e2it

}
= −1

8
cos 2t.

The complete solution is

x = −1
8

cos 2t + c1e
−2t + c2te

−2t, c1, c2 ∈ R, t ∈ R.

Alternatively we may guess on a real solution as a linear combination of cos 2t and sin 2t. If
so, then

x = a cos 2t + b sin 2t, 4x = 4a cos 2t + 4b sin 2t,
dx

dt
= 2b cos 2t − 2a sin 2t, 4

dx

dt
= 8b cos 2t − 8a sin 2t,

d2x

dt2
= −4a cos 2t − 4b sin 2t,

d2x

dt2
= −4a cos 2t − 4b sin 2t.

It follows from the right hand column by an addition that

d2x

dt2
+ 4

dx

dt
+ 4x = 8b cos 2t − 8a sin 2t.

This is equal to sin 2t, if a = −1
8

and b = 0, thus a particular solution is −1
8

cos 2t.

The complete solution is

x = −1
8

cos 2t + c1e
−2t + c2te

−2t, c1, c2 ∈ R, t ∈ R.
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Example 1.24 Given the differential equation

d2x

dt2
+ 2

dx

dt
+ x = sin2 t, t ∈ R.

1) Prove that this differential equation does not have a solution of the form

x(t) = A · cos2 t + B · sin2 t, t ∈ R,

where A and B are real constants.

2) Then find by a better guess a solution of the differential equation.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial. Insert the function above and show that it cannot
be a solution. Then re-write sin2 t by a trigonometric formula and find a better guess.

I. The characteristic polynomial R2 + 2R + 1 = (R + 1)2 has the double root R = −1, so the
homogeneous equation has the complete solution

c1e
−t + c2te

−t, c1, c2 ∈ R, t ∈ R.

 Linear differential equations og second order and of constant coeffi cients 
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1) If we put x(t) = A sin2 t + B cos2 t, then

dx

dt
= 2(A − B) sin t cos t,

d2x

dt2
= 2(A − B)

{
cos2 t − sin2 t

}
,

which by insertion

d2x

dt2
+ 2

dx

dt
+ x = 2(A−B){cos2 t−sin2 t}+4(A−B) sin t cos t+A sin2t+B cos2 t

= (2B−A) sin2 t+4(A−B) sin t cos t+(2A−B) cos2 t.

If this should be equal to sin2 t, then we must have

2B − A = 1, A − B = 0, 2A − B = 0,

thus A = B = 2B, or A = B = 0, while also 2B − A = 1. These two conditions cannot be
fulfilled at the same time, so the guess is wrong.

2) Since sin2 t =
1
2
− 1

2
cos 2t, we try to put

x(t) =
1
2

+ α e2it.

Then
d2x

dt2
+ 2

dx

dt
+ x =

1
2

+ α
{
(2i)2 + 2 · 2i + 1

}
e2it

=
1
2

+ α{4i − 3}e2it,

which is equal to
1
2
− 1

2
e2it for α{4i − 3} =

1
2
, i.e.

α =

1
2

3 − 4i
=

1
50

(3 + 4i).

Hence a solution of the differential equation is given by

Re
{

1
50

(3 + 4i)e2it

}
=

1
50

{3 cos 2t − 4 sin 2t}.

The complete solution is

x(t) =
1
50

{3 cos 2t − 4 sin 2t} + c1e
−t + c2t e−t, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.
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Example 1.25 Find the complete solution of the differential equation

d3x

dt3
+ 3

d2x

dt2
+ 4

dx

dt
− 8x = 6et cos 2t, t ∈ R.

A. Linear inhomogeneous differential equation of third order and of constant coefficients.

D. Find the roots of the characteristic polynomial; guess a particular solution.

I. It follows immediately the the characteristic polynomial R3 + 3R2 + 4R − 8 has the root 1, so we
get the factorization

R3 + 3R2 + 4R − 8 = (R − 1)(R2 + 4R + 8) = (R − 1){(R + 2)2 + 22}.

The simple roots are R = 1 and R = −2 ± 2i, and the complete solution of the homogeneous
equation is

c1e
t + c2e

−2t cos 2t + c3e
−2t sin 2t, c1, c2, c3 ∈ R, t ∈ R.

Since 6et cos 2t = Re
{
6e(1+2i)t

}
, we guess a solution of the form x = a e(1+2i)t of the equation with

6 e(1+2i)t on the right hand side.

By insertion we get

d3x

dt3
+ 3

d2x

dt2
+ 4

dx

dt
− 8x

= a e(1+2i)t
{
(1 + 2i)3 + 3(1 + 2i)2 + 4(1 + 2i) − 8

}
= a e(1+2i)t

{
(1 + 2i)2(4 + 2i) + 4(−1 + 2i)

}
= a e(1+2i)t {(−3 + 4i)(4 + 2i) − 4 + 8i}
= a e(1+2i)t {−12 − 8 − 4 − 6i + 16i + 8i}
= a (−24 + 18i) e(1+2i)t,

which is equal to 6 e(1+2i)t for

a =
6

−24 + 18i
=

1
−4 + 3i

=
−4 − 3i

25
= −4 + 3i

25
.

Hence we get the solution

Re
{
−4 + 3i

25
e(1+2i)t

}
= − 1

25
et {4 cos 2t − 3 sin 2t}.

Thus the complete solution is

− 4
25

et cos 2t +
3
25

et sin 2t + c1e
t + c2e

−2t cos 2t + c3e
−2t sin 2t,

where t ∈ R, and where c1, c2, c3 ∈ R are arbitrary constants.
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Alternatively, guess a real linear combination of et cos 2t and et sin 2t. Then we obtain

x = a et cos 2t + b et sin 2t,

dx

dt
= (a + 2b)et cos 2t + (−2a + b)et sin 2t,

d2x

dt2
= {(a + 2b) + 2(−2a + b)}et cos 2t

+{−2(a + 2b) + (−2a + b)}et sin 2t

= (−3a + 4b)et cos 2t + (−4a − 3b)et sin 2t,

d3x

dt3
= {(−3a + 4b) + 2(−4a − 3b)}et cos 2t

+{−2(−3a + 4b) + (−4a − 3b)}et sin 2t

= (−11a − 2b)et cos 2t + (2a − 11b)et sin 2t.

Then by insertion,

d3x

dt3
+ 3

d2x

dt2
+ 4

dx

dt
− 8x

= (−11a − 2b)et cos 2t + (2a − 11b)et sin 2t

+3(−3a + 4b)et cos 2t + 3(−4a − 3b)et sin 2t

+4(a + 2b)et cos 2t + 4(−2a + b)et sin 2t

−8a et cos 2t − 8b et sin 2t

= {(−11 − 9 + 4 − 8)a + (−2 + 12 + 8)b}et cos 2t

+{(2 − 12 − 8)a + (−11 − 9 + 4 − 8)b}et sin 2t

= (−24a + 18b)et cos 2t + (−18a − 24b)et sin 2t.

This is equal to 6et cos 2t, if{ −24a + 18b = 6,
−18a − 24b = 0,

dvs.
{ −4a + 3b = 1,

3a + 4b = 0,

so a = − 4
25

and b =
3
25

. A particular solution is therefore

x = − 4
25

et cos 2t +
3
25

et sin 2t,

and the complete solution is

x = − 4
25

et cos 2t +
3
25

et sin 2t

+c1e
t + c2e

−2t cos 2t + c3e
−2t sin 2t,

where t ∈ R, and c1, x2, c3 ∈ R are arbitrary constants.
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Example 1.26 1) Show by means of Euler’s formulæ that

sin3 t =
3
4

sin t − 1
4

sin 3t.

2) Find the complete solution of the differential equation

d2x

dt2
− 6

dx

dt
+ 9x = 3 sin t − 4 sin3 t, t ∈ R.

A. Euler’s formulæ; linear inhomogeneous differential equation of second order and of constant coef-
ficients.

D. Insert into Euler’s formulæ; find the roots of the characteristic polynomial. Finally, apply (1) to
guess a solution of the inhomogeneous equation in (2).

 Linear differential equations og second order and of constant coeffi cients 
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I. 1) We get by means of Euler’s formulæ,

sin3 t =
{

1
2i

(
eit − e−it

)}3

=
1

8i3
{
e3it − 3eit + 3e−it − e−3it

}
=

1
4

{
− 1

2i
(e3it − e−3it) + 3 · 1

2i
(eit − e−it)

}

= −1
4

sin 3t +
3
4

sin t.

The characteristic polynomial R2−6R+9 = (R−3)2 has the double root R = 3, so the corresponding
homogeneous equation has the complete solution

c1e
3t + c2t e3t, c1, c2 ∈ R, t ∈ R.

According to (1) the right hand side of the equation is equal to sin 3t. Now, if we put x = α · e3it

into the left hand side of the equation, we get

α · (3i − 3)2e3it = −18iα · e3it,

which is equal to e3it for α = − 1
18i

=
i

18
. Then a particular solution is

Im
{

i

18
e3it

}
=

1
18

cos 3t,

which is easily checked. The complete solution is then

x =
1
18

cos 3t + c1e
3t + c2t e3t, c1, c2 ∈ R, t ∈ R.

Example 1.27 Find the complete solution of the differential equation

d2x

dt2
− 2

dx

dt
+ 17x = 2 cos 3t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. The characteristic polynomial

R2 − 2R + 17 = (R − 1)2 + 16

has the simple roots R = 1 ± 4i, thus the complete solution of the homogeneous equation is

x = c1e
t cos 4t + c2e

t sin 4t, c1, c2 ∈ R, t ∈ R.

If we put x = α e3it into the left hand side of the equation, we get

d2x

dt2
− 2

dx

dt
+ 17x = α e3it(−9 − 6i + 17) = α(8 − 6i)e3it.

This is equal to 2e3it for

α =
2

8 − 6i
=

1
4 − 3i

=
4 + 3i

25
.
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Thus a particular solution is given by

x = Re
{

4 + 3i

25
e3it

}
=

4
25

cos 3t − 3
25

sin 3t.

The complete solution is

x =
4
25

cos 3t − 3
25

sin 3t + c1e
t cos 4t + c2e

t sin 4t, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.

Example 1.28 Find the complete solution of the differential equation

dx

dt2
+ 4

dx

dt
+ 4x = cosh t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial; guess a particular solution.

I. The characteristic polynomial R2 + 4R + 4 has the double root R = −2, so the corresponding
homogeneous equation has the complete solution

c1e
−2t + c2t e−2t, c1, c2 ∈ R, t ∈ R.

If we put x = α cosh t + β sinh t into the left hand side of the equation, we get

d2x

dt2
+ 4

dx

dt
+ 4x = (5α + 4β) cosh t + (4α + 5β) sinh t.

This is equal to cosh t, if and only if

4α + 5β = 0 and 5α + 4β = 1,

so α =
5
9

and β = −4
9
. Thus the complete solution is

x =
5
9

cosh t − 4
9

sinh t + c1e
−2t + c2 t e−2t

=
1
18

et +
1
2

e−t + c1 e−2t + c2 t e−2t, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.
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Example 1.29 Consider the differential equation

d2x

dt2
+ a1

dx

dt
+ a0 x = q(t), t ∈ R.

Is the following theorem correct or wrong:

• When t0, t1 a and b are given real numbers, where t0 	= t1, then there is one and only one solution
x = ϕ(t), t ∈ R, such that ϕ(t0) = a and ϕ(t1) = b.

A. Boundary value problem.

D. Bet on that this is not a correct statement and construct a counterexample.

I. The equation

d2x

dt2
+ x = 0,

has the characteristic polynomial R2 + 1, and thus the complete solution

x = c1 sin t + c2 cos t, c1, c2 ∈ R, t ∈ R.

By choosing t0 = 0 and t1 = π, and a = b = 0, we get c2 = 0, while c1 can be chosen arbitrarily,
i.e. the complete solution of the differential equation is

ϕc(t) = c · sin t, c ∈ R,

where

ϕc(0) = 0 and ϕc(π) = 0.

Thus, we do not have uniqueness, and the claim is in general wrong. There may, however, exist
special examples in which the claim is right.

Example 1.30 Which kind of function should one guess on as a solution of the differential equation

d2x

dt2
+ a

dx

dt
+ b x = est, t ∈ R,

where s is a constant, independent of t? Under what circumstances will such a guess fail, and what
should one guess instead? What if this second guess also fails?

A. Particular solution by the method of guessing.

D. Insert x = c est and analyze.

I. The characteristic polynomial is R2 + aR + b.

1) If s is not a root of the characteristic polynomial, we guess on c · est. Then by insertion

d2x

dt2
+ a

dx

st
+ bx = c(s2 + as + b)est.

The assumption assures that s2 +as+ b 	= 0, hence this is equal to est for c =
1

s2 + as + b
, and

a particular solution is in this case given by

1
s2 + as + b

est.
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2) If s is a root of the characteristic polynomial, we of course get zero by insertion. We must
instead guess on

x = c t est where
dx

dt
= c est + cs test,

and

d2x

dt2
= 2csest + cs2t est.

We get by insertion

d2x

dt2
+ a

dx

dt
+ b x = 0 + acest + 2scest = c(a + 2s)est.

If s is a simple root of the characteristic polynomial, i.e. 2s + a 	= 0, then we get the solution

x =
1

2s + a
t est.
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3) If s is a double root of the characteristic polynomial, then also 2s + a = 0, because the double
root necessarily is −a

2
. In that case we guess instead on x = c t2est, and we get

dx

dt
= cst2est + 2ctest

and

d2x

dt2
= cs2t2est + 4cstest + 2cest,

hence by insertion, 2cest = est for c =
1
2
, and a particular solution is

x =
1
2

t2est.

Example 1.31 Find the complete solution of the differential equation

d2x

dt2
+ 3

dx

dt
+ 3x = t2 + 4 t + 3, t ∈ R.

A. Linear differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial. Then guess systematically on a particular solution.

I. The characteristic polynomial R2 + 3R + 3 has the simple roots

R =
1
2
{−3 ±√

9 − 4 · 4 · 3} =
1
2
{−3 ± i

√
3},

so the complete solution of the homogeneous equation is

c1 exp
(
−3

2
t

)
cos

(√
3

2
t

)
+ c2 exp

(
−3

2
t

)
sin

(√
3

2
t

)
.

Then we guess on x = a t2 + b t + c as a particular solution. By insertion into the left hand side of
the equation we get

d2x

dt2
+ 3

dx

dt
+ 3x = 2a + 3(2at + b) + 3

(
at2 + bt + c

)
= 3at2 + (6a + 3b)t + (2a + 3b + 3c).

This is equal to t2 + 4 t + 3, when

3a = 1, 6a + 3b = 4 and 2a + 3b + 3c = 3,

so a =
1
3
, b =

2
3

and c =
1
9
. The complete solution is

x =
1
3

t2 +
2
3

t +
1
9

+ c1 exp
(
−3

2
t

)
cos

(√
3

2
t

)

+c2 exp
(
−3

2
t

)
sin

(√
3

2
t

)
, t ∈ R, c1, c2 ∈ R.
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Example 1.32 Consider the differential equation

(3)
d2x

dt2
+ a1

dx

dt
+ a0x = 0, t ∈ R,

where the characteristic equation R2 + a1R + a0 = 0 has two complex roots R = α ± i β, β 	= 0 with
the corresponding solutions

ϕ1(t) = eαt cos βt, ϕ2(t) = eαt sinβt.

Prove by applying the existence and uniqueness theorem that the functions

x = c1ϕ1(t) + c2ϕ2(t), t ∈ R, c1, c2 ∈ R,

form the complete solution of (3).

A. Linear differential equation of second order and of constant coefficients. A theoretical application
of the existence and uniqueness theorem.

D. Start by recalling the existence and uniqueness theorem.

I. For any given vector (t0, x0, v0) there exists according to the existence and uniqueness theorem one
and only one solution x = ϕ(t), such that

ϕ(t0) = x0 and ϕ′(t0) = v0.

In the given example we shall prove that one always can find c1 and c2, such that this is fulfilled.

If

ϕ(t) = c1e
αt cos βt + c2e

αt sin βt,

then

ϕ′(t) = c1

{
α eαt cos βt − β eαt sin βt

}
+c2

{
α eαt sin βt + β eαt cos βt

}
.

Since∣∣∣∣ eαt cos βt eαt sinβt
αeαt cos βt−βeαt sin βt αeαt sinβt+βeαt cos βt

∣∣∣∣
=
∣∣∣∣ eαt cos βt eαt sin βt
−βeαt sin βt βeαt cos βt

∣∣∣∣ = e2αtβ
(
cos2 βt + sin2 βt

)
= β e2αt 	= 0,

we can always solve the corresponding system of equations in c1 and c2, when ϕ(t0) = x0 and
ϕ′(t0) = v0 and t = t0 are given, hence the solution is uniquely determined.
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Example 1.33 Consider the differential equation

(4)
d2x

dt2
+ a1

dx

dt
+ a0x = 0, t ∈ R,

where the characteristic equation R2 +a1R+a0 = 0 has the double root R = r. Thus, at least we have
the solution

ϕ1(t) = ert.

1) First prove that r = −1
2

a1.

2) Then prove by insertion that

ϕ2(t) = t ert

is a solution of (4).

3) Prove by an application of the existence and uniqueness theorem that the functions

x = c1ϕ1(t) + c2ϕ2(t), t ∈ R, c1, c2 ∈ R,

are the complete solution of (4).

A. Linear differential equation of second order and of constant coefficients, where the characteristic
polynomial has a double root.

D. Write the characteristic polynomial in two ways and compare.

Insert ϕ2(t) and apply the existence and uniqueness theorem.

I. 1) It follows from

R2 + a1R + a0 = (R − r)2 = R2 − 2r R + r2,

that a1 = −2r and a0 = r2, hence

r = −1
2

a1.

We can now write

(5)
d2x

dt2
− 2r

dx

dt
+ r2x = 0, t ∈ R.

2) If we put ϕ2(t) = t ert, then

ϕ′
2(t) = rt ert + ert,

ϕ′′
2(t) = r2t ert + 2r ert,

hence

ϕ′′
2(t) − 2r ϕ′

2(t) + r2ϕ2(t)
= rrt ert + 2r ert − 2r2t ert − 2r ert + r2t ert = 0,

and we have proved that ϕ2(t) = t ert is a solution.
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3) Then let

x = ϕ(t) = c1ϕ1(t) + c2ϕ2(t) = c1e
rt + c2t ert.

We shall prove that if ϕ(t0) = x0 and ϕ′(t0) = v0, then c1 and c2 are unique, and the rest
follows from the existence and uniqueness theorem.

It follows from

ϕ′(t) = c1r ert + c1(1 + rt)ert,

that{
c1e

rt0 + c2t0e
rt0 = ϕ0(t0) = x0,

c1r ert0 + c2(1 + rt0)ett0 = ϕ′
0(t0) = v0,

i.e.{
c1 + t0c2 = x0e

−rt0 ,
rc1 + (1 + rt0)c2 = v0e

−rt0 .
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This linear system of equations has a unique solution, if and only if the corresponding deter-
minant is different form 0. The determinant is∣∣∣∣ 1 t0

r 1 + rt0

∣∣∣∣ = 1 + rt0 − rt0 = 1 	= 0,

and we see that the condition is fulfilled.

Remark 1. Notice that

c1 = (1 + rt0)x0 e−rt0 − rt0v0e
−rt0

= e−rt0 {x0 + rt0(x0 − v0)} ,

c2 = v0e
−rt0 − rx0e

−rt0

= e−rt0 {v0 − r x0} . ♦

Remark 2. “Vielgeschrei und wenig Wolle!”, sagte der Teufel, als er seine Sau beschor! An
alternative method is the following:

The differential equation

d2y

dt2
= 0

can be solved by two successive integrations, so the complete solution is

y = c1 + c2t, where c1, c2 ∈ R are arbitrary constants.

If we put y = x e−rt, then it follows that the equation

d2y

dt2
=

d2x e−rt

dt2
=

d

dt

{
dx

dt
· e−rt − r x e−rt

}
(6)

= e−rt

{
d2x

dt2
− 2r

dx

dt
+ r2x

}
= 0,

has the complete solution y = x e−rt = c1 + c2t, i.e. x = c1e
rt + c2t ert, using that e−rt 	= 0 for all

t ∈ R. This means that the differential equation

d2x

dt2
− 2r

dx

dt
+ r2x = 0,

has the complete solution

x = c1e
rt + c2t ert, t ∈ R, c1, c2 ∈ R.

This proof applies the more basic fact that integrals of continuous functions are uniquely deter-
mined apart from an arbitrary constant. ♦
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Example 1.34 1) Prove that the differential equation

(7)
d2x

dt2
− 3

dx

dt
+ 2x = et, t ∈ R,

does not have a solution of the form x = c · et, and that (7) has a solution of the form x = c · t et,
t ∈ R.

2) Prove that the differential equation

(8)
d2x

dt2
− 2

dx

dt
+ x = et, t ∈ R,

does not have a solution of the form x = c · et or of the form c = c · t et, and that (8) has a solution
of the form x = c · t2et, t ∈ R.

3) Prove the following

Theorem. Consider the differential equation

(9)
d2x

dt2
+ a1

dx

dt
+ a0x = et, t ∈ R,

and its corresponding characteristic equation

R2 + a1R + a0 = 0.

a) If R = 1 is a root in the characteristic equation, then (9) does not have a solution of the form
x = c · et, t ∈ R.

b) If R = 1 is a simple root in the characteristic equation, then (9) has a solution of the form
x = c · t et, t ∈ R.

c) If R = 1 is a double root in the characteristic equation, then (9) has a solution of the form
x = c · t2et, t ∈ R.

A. Linear differential equation of second order and of constant coefficients with a guideline.

D. Insert the given functions into (1) and (2). Then, we generalize in (3).

I. 1) The characteristic equation

R2 − 3R + 2 = (R − 1)(R − 2)

has the roots R = 1 and R = 2, so the corresponding homogeneous equation has the complete
solution

c1e
t + c2e

2t, t ∈ R, c1, c2 ∈ R.

In particular, c1e
t is mapped into 0 by the differential operator, so c · et cannot be a particular

solution.

If we choose x = c · t et, then

dx

dt
= c t et + c et og

d2x

dt2
= c t et + 2 c et.
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By insertion into the left hand side of the equation we get

d2x

dt2
− 3

dx

dt
+ 2x =

{
c t et + 2 c et

}− 3
{
c t et + c et

}
+ 2 c t et

= c(1 − 3 + 2)t et + c(2 − 3)et = −c et,

which is equal to et for c = −1, and x0(t) = −t et is a particular solution.
2) The characteristic polynomial

R2 − 2R + 1 = (R − 1)2

has the double root R = 1, thus the homogeneous equation has the complete solution

x = c1e
t + c2t et, t ∈ R, c1, c2 ∈ R.

In particular, c1e
t and c2t et are always mapped into 0 by this differential operator, and these

functions are never solutions of the inhomogeneous equation.

If x = c · t2et, then

dx

dt
= c t2et + 2 c t et,

and

d2x

dt2
= c t2et + 4 c t et + 2 c et.

We get by insertion into the left hand side of the equation

d2x

dt2
− 2

dx

dt
+ x =

(
c t2 + 4 c t + 2 c

)
et − 2

(
c t2 + 2 c t

)
et + c t2et

= c(1 − 2 + 1)t2et + c(4 − 4)t et + 2 c et = 2 c et.

This is equal to et for c =
1
2
, hence a particular solution is given by

x =
1
2

t2et.

3) a) If R = 1 is a root of the characteristic equation, then c ·et is a solution of the corresponding
homogeneous. Therefore, it never can be a solution of the inhomogeneous equation, if the
right hand side is 	= 0.

b) If the characteristic polynomial is

R2 + a1R + a0 = (R − 1)(R − a0), a0 	= 1,

then a1 = −1 − a0. If we put x = c t et, then we get

dx

dt
= c t et + c et,

d2x

dt2
= c t et + 2 c et.

Then by insertion into the left hand side of the equation
d2x

dt2
+ a1

dx

dt
+ a0 x

=
d2x

dt2
− (a0 + 1)

dx

dt
+ a0x

= c(t + 2)et − (a0 + 1)c(t + 1)et + a0c t et

= c {1 − (a0 + 1) + a0} t et + c (2 − a0 − 1) et = c(1 − a0)et.
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Since a0 	= 1, this expression is equal to et for c =
1

1 − a0
, hence a particular solution is

given by

x =
1

1 − a0
t et,

and the claim is proved.
c) If R = 1 is a double root, then

d2x

dt2
+ a1

dx

dt
+ a0x =

d2x

dt2
− 2

dx

dt
+ x = et.

We have already treated this equation in (2), so we get immediately the result.
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Example 1.35 (1) Find the complete solution of the differential equation

d2u

dθ2
+ u = K,

where (r, θ) are the polar coordinates, and u = 1/r. Prove that r as a function of θ is given by

(10) r =
1

K + c1 cos θ + c2 sin θ
.

We shall in the following only consider the case c2 = 0. It can be proved that this can also be achieved
by choosing the coordinate system properly. We shall now identify the curves which are described by
the equation (10). We shall assume that K > 0. Put

e =
c1

K
.

(2) Prove that if |e| < 1, then the rectangular coordinates (x, y) of the planet satisfy an equation of
the form

(x + a)2 +
y2

b2
= c2,

where a, b and c are constants.

What is this curve called?

(3) What is the equation in rectangular coordinates in case of |e| = 1?

And what is the name of the corresponding curve?

(4) Finally, find the equation in rectangular coordinates and the type of the curves in case of |e| > 1.

A. Linear differential equation of second order and of constant coefficients. Conic sections. There are
given some guidelines.

D. Follow the guidelines.

I. 1) The equation

d2u

dθ2
+ u = K

has the characteristic polynomial R2 + 1 with the complex conjugated simple roots ±i. The
corresponding homogeneous equation has the complete solution

c1 cos θ + c2 sin θ,

where c1, c2 ∈ R are arbitrary constants.

We see that u = K is a trivial solution, so the complete solution is given by

u(θ) = K + c1 cos θ + c2 sin θ.

From u =
1
r

we get

r =
1

K + c1 cos θ + c2 sin θ
,
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which is defined whenever the denominator is positive, using the assumption that r > 0.

We then prove that we always can choose c2 = 0. We have according to the addition formulæ,

c1 cos θ + c2 sin θ =
√

c2
1 + c2

2 ·
{

c1√
c2
1 + c2

2

cos θ +
c2√

c2
1 + c2

2

sin θ

}

=
√

c2
1 + c2

2 · cos(θ − ϕ),

where ϕ is given by

cos ϕ =
c1√

c2
1 + c2

2

, sinϕ =
c2√

c2
1 + c2

2

,

because(
c1√

c2
1 + c2

2

,
c2√

c2
1 + c2

2

)

for (c1, c2) 	= (0, 0) is a unit vector and thus represents the angle ϕ.

–1

–0.5

0.5

1

–1 –0.5 0.5 1

Figure 2: The unit vector determined by the direction (c1, c2), i.e. by the angle ϕ.

Then choose the polar coordinate system in such a way that ϕ = 0 or ϕ = π. Then write c1

instead of ±
√

c2
1 + c2

2, where we choose the minus sign, if ϕ = π, and choose K > 0 and e =
c1

K
.

Then we get the following

r =
1

K + c1 cos θ
=

1
K

· 1
1 + e cos θ

,

where the excentricity e must not be confused with the number e.

2) Assume that |e| < 1. Then 1 + e cos θ > 0 for all θ. Then, by the above,

1
K

= r(1 + e cos θ) = r + e r cos θ =
√

x2 + y2 + e · x,

thus√
x2 + y2 =

1
K

− e · x (> 0),
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and hence by a squaring,

(11) x2 + y2 =
1

K2
− 2e

K
x + e2x2.

Then a rearrangement gives

(
1 − e2

)
x2 +

2e

K
x + y2 =

1
K2

,

hence by division by 1 − e2 > 0 and addition of some convenient term,

x2 + 2 · e

1 − e2
· 1
K

· x +
(

e

1 − e2
· 1
K

)2

+
1

1 − e2
y2

=
1

1 − e2
· 1
K2

+
(

e

1 − e2
· 1
K

)2

,

which immediately is reduced to

(12)
(

x +
e

1 − e2
· 1
K

)2

+
y2(√

1 − e2
)2 =

1
(1 − e2)2 K2

,

or

(x + a)2 +
y2

b2
= c2

where

a =
e

1 − e2
· 1
K

, b =
√

1 − e2 and c =
1

(1 − e2) K
.

This equation describes an ellipse with half axes

c =
1

(1 − e2) K
and bc =

1
K
√

1 − e2
.

3) When e = ±1, it follows from (11) that

x2 + y2 =
1

K2
− 2e

K
· x + x2,

which is reduced to the parabolic equation

−2
e

K
x +

1
K2

= y2, e = ±1.

4) When |e| > 1 and 1 + e cos θ 	= 0, if follows from (11) that

(
1 − e2

)
x2 +

2e

K2
x + y2 =

1
K2

,

which is reduced like in (2), only with the modification that we here have 1 − e2 < 0 instead,
i.e. e2 − 1 > 0. Thus [cf. (12)](

x − e

e2 − 1
1
K

)2

− y2(√
e2 − 1

)2 =
1

(e2 − 1)2 K2
,

which is the equation of a hyperbola.
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Example 1.36 Find the complete solution of the differential equation

d2x

dt2
+ 8

dx

dt
+ 15x = e−4t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic equation and then find the solutions of the homogeneous
equation. A particular solution can either be found by guessing or by the solution formula.

I. The characteristic equation

R2 + 8R + 15 = (R + 3)(R + 5) = 0

has the two simple roots R = −3 and R = −5. Thus, the complete solution of the homogeneous
equation is

x = c1e
−3t + c2e

−5t, c1, c2 ∈ R, t ∈ R.

There are here two main variants of finding a particular solution.

 Linear differential equations og second order and of constant coeffi cients 
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1. Guessing. The right hand side q(t) = e−4t is an exponential, which is not a solution of the
corresponding homogeneous equation. We therefore guess on a solution of the form x = a e−4t.
By insertion into the left hand side of the differential equation we get

d2x

dt2
+ 8

dx

dt
+ 15x = 16a e−4t − 32a e−4t + 15a e−4t = −a e−4t,

which is equal to e−4t for a = −1. Thus the complete solution is

x = −e−4t + c1e
−3t + c2e

−5t, c1, c2 ∈ R, t ∈ R.

2. Solution formula for linear equation of constant coefficients. Let α and β be the two
(possibly equal) roots of the characteristic equation, and let q(t) be the right hand side of the
normed differential equation of second order. Then

x = eαt

∫
e(β−alpha)t

{∫
e−βtq(t) dt

}
dt.

We have two variants:

1) Choosing α = −3 (and thus β = −5) and q(t) = e−4t we get

x = e−3t

∫
e(−5+3)t

{∫
e5t · e−4t dt

}
dt = e−3t

∫
e−2t

{∫
et dt

}
dt

= e−3t

∫
e−2t · et dt = e−3t

{−e−t
}

= −e−4t.

2) Choosing α = −5 (and thus β = −3) and q(t) = e−4t we get

x = e−5t

∫
e(−3+5)t

{∫
e3t · e−4t dt

}
dt = e−5t

∫
e2t

{∫
e−t dt

}
dt

= e−5t

∫
e2t
{−et

}
dt = −e−5t · et = −e−4t.

In both cases we obtain the complete solution

x = −e−4t + c1e
−3t + c2e

−5t, c1, c2 ∈ R, t ∈ R.

Example 1.37 Find the complete solution of the differential equation

d2x

dt2
− 12

5
dx

dt
+

8
5

x = cos 2t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial. Guess a particular solution.

I. When we factorize the characteristic polynomial we get

R2 − 12
5

R +
8
5

=
(

R −
{

6
5

+
2i

5

})(
R −

{
6
5
− 2i

5

})
.

The roots are
6
5
± 2i

5
, so the complete solution of the homogeneous equation is

x = c1 exp
(

6
5

t

)
cos
(

2t

5

)
+ c2 exp

(
6
5

t

)
sin
(

2t

5

)
, t ∈ R,
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where c1 and c2 ∈ R are arbitrary constants.

The corresponding complex equation is

d2x

dt2
− 12

5
dsx

dt
+

8
5

x = e2it.

By guessing x = a e2it we get by insertion

d2x

dt2
− 12

5
dx

dt
+

8
5

x = a

{
(2i)2 − 12

5
· 2i +

8
5

}
e2it

= a

{
−4 +

8
5
− 24

5
i

}
e2it = a

{
−12

5
− 24

5
i

}
e2it

= −12
5

(1 + 2i)a e2it.

This is equal to e2it for

a = − 5
12

· 1
1 + 2i

= −1 − 2i

12
.

The corresponding solution of the real equation is

x = Re
{
−1 − 2i

12
e2it

}

= − 1
12

Re{(1 − 2i)(cos 2t + i sin 2t)}

= − 1
12

(cos 2t + 2 sin t).

Hence the complete solution is

x = − 1
12

{cos 2t + 2 sin 2t}

+c1 exp
(

6
5

t

)
cos
(

2t

5

)
+ c2 exp

(
6
5

t

)
sin
(

2t

5

)
, t ∈ R,

where c1 and c2 ∈ R are arbitrary constants.

C. Test. If

x = −1
2

cos 2t − 1
6

sin 2t,

then
dx

dt
= −1

3
cos 2t +

1
6

sin 2t,
d2x

dt2
=

1
3

cos 2t +
2
3

sin 2t,

hence

d2x

dt2
− 12

5
dx

dt
+

8
5

x =
1
3

cos 2t +
2
3

sin 2t +
4
5

cos 2t − 2
5

sin 2t

− 2
15

cos 2t − 4
15

sin 2t

=
1
15

{(5 + 12 − 2) cos 2t + (10 − 6 − 4) sin 2t}
= cos 2t. Q.E.D.
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We shall omit the test of the solutions of the homogeneous equation.

Example 1.38 Find the complete real solution of the differential equation

d2x

dt2
− 4

5
dx

dt
+

8
5

x = cos t.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation, and guess a particular solution.

I. The characteristic equation

R2 − 4
5

R +
8
5

= 0

has the roots

R =
2
5
±
√

4
25

− 40
25

=
2
5
± 6i

5
.

Thus, the homogeneous equation has the complete solution

x = c1 exp
(

2t

5

)
cos
(

6t

5

)
+ c2 exp

(
2t

5

)
sin
(

6t

5

)
, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.

The corresponding complex equation is

d2x

dt2
− 4

5
dx

dt
+

8
5

x = eit.

If we put x = a eit, then we get by insertion,

d2x

dt2
− 4

5
dx

dt
+

8
5

x = a

{
−1 − 4

5
i +

8
5

}
eit =

3 − 4i

5
a eit,

which is equal to eit for a =
5

3 − 4i
=

3 + 4i

5
.

The corresponding complete solution of the real equation is

x = Re
{

3 + 4i

5
eit

}

=
1
5

Re{(3 + 4i)(cos t + i sin t)}

=
1
5
{3 cos t − 4 sin t}.

The complete solution is

x =
1
5
{3 cos t − 4 sin t} + c1 exp

(
2t

5

)
cos
(

6t

5

)
+ c2 exp

(
2t

5

)
sin
(

6t

5

)
, t ∈ R,

where c1 and c2 ∈ R are arbitrary constants.
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Example 1.39 Find the complete real solution of the differential equation

d2x

dt2
+ 6

dx

dt
+ 25x = 0, t ∈ R.

A. Linear homogeneous differential equation of second order and of constant coefficients. Cf. also
Example 1.40.

D. Solve the characteristic polynomial.

I. The characteristic polynomial R2 + 6R + 25 = (R + 3)2 + 42 has the two simple and complex
conjugated roots R = −3 ± 4i. The complete solution is

x = c1e
−3t cos 4t + c2e

−3t sin 4t, c1, c2 ∈ R, t ∈ R.

 Linear differential equations og second order and of constant coeffi cients 
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Example 1.40 Find the complete real solution of the differential equation

d2x

dt2
+ 6

dx

dt
+ 25x = cos 5t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients. Cf. also
Example 1.39.

D. Solve the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial R2 +6R+25 = (R+3)2 +42 has the simple and complex conjugated
roots R = −3 ± 4i. The complete solution of the homogeneous equation is

c1e
−3t cos 4t + c2e

−3t sin 4t, c1, c2 ∈ R, t ∈ R.

If we guess the complex exponential x = c · e5it, then by insertion,

d2x

dt2
+ 6

dx

dt
+ 25x = c{−25 + 5i · 6 + 25}e5it = 30ic e5it,

which is equal to e5it for c =
1

30i
. From cos 5t = Re e5it, we get the particular solution

x = Re
{

1
30i

e5it

}
=

1
30

sin 5t,

which is easily checked. The complete solution is

x =
1
30

sin 5t + c1e
−3t cos 4t + c2e

−3t sin 4t, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.

Example 1.41 Find the complete solution of the differential equation

d2x

dt2
+ 4

dx

dt
+ 5x = cos 2t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial R2+4R+5 = (R+2)2+1 has the two simple and complex conjugated
roots −2 ± i, hence the complete solution of the homogeneous equation is

c1e
−2t cos t + c2e

−2t sin t, c1, c2 ∈ R, t ∈ R.

Then guess on the complex exponential x = c · e2it. By insertion we get

d2x

dt2
+ 4

dx

dt
+ 5x = c{−4 + 8i + 5}e2it = c(1 + 8i)e2it,

which is equal to e2it for c =
1

1 + 8i
=

1 − 8i

65
. Thus, a particular solution is

Re
{

1 − 8i

65
e2it

}
=

1
65

{cos 2t + 8 sin 2t},
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and the complete solution is

x =
1
65

{cos 2t + 8 sin 2t} + c1e
−2t cos t + c2e

−2t sin t, t ∈ R,

where c1, c2 ∈ R are arbitrary constants.

Example 1.42 Find the complete solution of the differential equation

d2x

dt2
− 4

dx

dt
+ 4x = e2t, t ∈ R.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Analyze the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial R2−4R+4 = (R−2)2 has the double root R = 2, thus the complete
solution of the homogeneous equation is

c1e
2t + c2te

2t, c1, c2 ∈ R, t ∈ R.

We see that the right hand side of the equation is a solution of the homogeneous equation. We
therefore guess on c · t e2t. However, this function is also a solution of the homogeneous equation,
so we must change our guess to x = c · t2e2t. Then

dx

dt
= 2ct2e2t + 2cte2t

and

d2x

dt2
= 4ct2e2t + 8cte2t + 2ce2t.

By insertion we obtain the result 2ce2t, so the wanted solution is obtained by choosing c =
1
2
.

the complete solution is

x =
1
2

t2e2t + c1e
2t + c2te

2t, c1, c2 ∈ R, t ∈ R.
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2 Linear differential equations of higher order and of constant
coefficients

Example 2.1 Solve the following differential equations

1)
d3x

dt3
− d2x

dt2
+

dx

dt
− x = 0, t ∈ R.

2)
d4x

dt4
+ x = 0, t ∈ R.

A. Homogeneous linear differential equation of constant coefficients of third and fourth order, resp..

D. Find the roots of the characteristic polynomial.

I. 1) The characteristic polynomial

R3 − R2 + R − 1 = (R − 1)(R2 + 1)

has the three simple roots 1 and ±i. Hence the complete solution is

x = c1e
t + c2 cos t + c3 sin t, c1, c2, c3 ∈ R, t ∈ R.

2) The characteristic polynomial R4 + 1 has the four simple roots

± 1√
2
± i

1√
2
,

all four combinations of the signs: Hence, the complete solution is

x = c1 exp
(

1√
2

t

)
cos

1√
2

t + c2 exp
(

1√
2

t

)
sin

1√
2

+c3 exp
(
− 1√

2
t

)
cos

1√
2

t + c4 exp
(

1√
2

t

)
sin

1√
2

t,

where t ∈ R, and c1, c2, c3, c4 ∈ R are arbitrary constants.

Example 2.2 Solve the following differential equations

1)
d3x

dt3
− 3

d2x

dt2
+ 3

dx

dt
− x = 0, t ∈ R.

2)
d4x

dt4
+ 2

d2x

dt2
+ x = 0, t ∈ R.

A. Homogeneous linear differential equations of constant coefficients of third and fourth order, resp..

D. Find the roots of the characteristic polynomials and thus the structure of the solutions. Finally,
find the complete solution

I. 1) The characteristic polynomial R3 − 3R2 + 3R − 1 = (R − 1)3 has R = 1 as a treble root. Thus
the complete solution is

x = c1e
t + c2te

t + c3t
2et, c1, c2, c3 ∈ R, t ∈ R.
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2) The characteristic polynomial R4 + 2r2 + 1 = (R2 + 1)2 has R = ±i as double roots. The
complete solution is

x)c1 cos t + c2 sin t + c3t cos t + c4t sin t,

where c1, c2, c3, c4 ∈ R are arbitrary constants, and t ∈ R.

Example 2.3 Solve the following differential equations

1)
d4x

dt4
+

d3x

dt3
− dx

dt
− x = 0, t ∈ R.

2)
d6x

dt6
+ 9

d4x

dt4
+ 24

d2x

dt2
+ 16x = 0, t ∈ R.

A. Homogeneous linear differential equations of constant coefficients of order four and six, resp..

D. Find the roots of the characteristic polynomials.

 Linear differential equations of higher order and of constants coeffi cients
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I. 1) The characteristic polynomial

R4 + R3 − R − 1 = (R + 1)(R3 − 1) = (R + 1)(R − 1)(R2 + R + 1)

has the simple roots ±1 and −1
2
± i

√
3

2
, thus the complete solution is

x = c1e
t + c2e

−t + c3 exp
(
−1

2
t

)
cos

√
3

2
t + c4 exp

(
−1

2

)
sin

√
3

2
t,

where c1, c2, c3, c4 ∈ R are arbitrary constants, and t ∈ R.

2) The characteristic polynomial R6 + 9R4 + 24R2 + 16 can be considered as an equation in the
new variable U = R2. We see that R2 + 1 is a divisor. Then we get the factorization

R6 + 9R4 + 24R2 + 16 = (R2 + 1)(R4 + 8R2 + 16) = (R2 + 1)(R2 + 4)2.

Thus the complex roots are ±i (simple roots) and ±2i (double roots). The complete solution
is

x = c1 cos t + c2 sin t + c3 cos 2t + c4 sin 2t + c5t cos 2t + c6t sin 2t,

where c1, c2, c3, c4, c5, c6 ∈ R are arbitrary constants, and t ∈ R.

Example 2.4 Find a particular solution of the differential equation

d3x

dt3
+ 3

d2x

dt2
+ 3

dx

dt
+ x = et cos 2t, t ∈ R.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. We shall
only find a particular solution. The example is almost the same as Example 2.8, so we also refer
to this example.

D. Guess a complex exponential x = c · e(1+2i)t.

Although it is not required, we shall nevertheless also solve the homogeneous equation.

I. If we put x = c · e(1+2i)t into the left hand side of the equation, we get

d3x

dt3
+ 3

d2x

dt2
+ 3

dx

dt
+ x

= c
{
(1 + 2i)3 + 3(1 + 2i)2 + 3(1 + 2i) + 1

}
e(1+2i)t

= c{1 + (1 + 2i)}3e(1+2i)t = 8c(1 + i)3e1+2i)t

= 8c · 2i(1 + i)e(1+2i)t = 16(−1 + i)c e(1+2i)t.

This is equal to e(1+2i)t for c =
1
16

· 1
−1 + i

=
−1 − i

32
, so a solution of the corresponding real

equation is

Re
{−1 − i

32
e(1+2i)t

}
= − 1

32
et Re

{
(1 + i)e2it

}
=

1
32

et sin 2t − 1
32

et cos 2t.
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Remark. The characteristic polynomial R3 +3R2 +3R+1 = (R+1)3 has the treble root R = −1,
hence the complete solution of the homogeneous equation is

c1e
−t + c2te

−t + c3t
2e−t, c1, c2, c3 ∈ R, t ∈ R.

Then the complete solution of the original inhomogeneous equation is

x =
1
32

et sin 2t − 1
32

et cos 2t + c1e
−t + c2te

−t + c3t
2e−t,

where c1, c2, c3 ∈ R are arbitrary constants, and t ∈ R.

Example 2.5 Given for the differential equation

d3x

dt3
+ a2

d2x

dt2
+ a1

dx

dt
+ a0 x = q(t), t ∈ R,

that the functions

et − et cos t and et + 3e−t

are both solutions. Find the complete solution of the corresponding homogeneous equation.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. The con-
stants and the right hand side are not known; but we are given two solutions of the inhomogeneous
equation. Apparently we have got too little information, so the task requires a theoretical analysis.

D. Exploit that the difference between the two solutions is a solution of the corresponding homoge-
neous equation. Insert this difference into the left hand side of the equation and then calculate
the coefficients. When we have found a2, a1 and a0, then the rest is easy.

The solution below is given in three sections, of which (2) concerning the uniqueness is obligatory,
and where only one of the points (1) concerning the existence is necessary.

I. 1) The difference

x = (et + 3e−t) − (et − et cos t) = 3e−t + et cos t,

is a solution of the homogeneous equation, ant the coefficients are constant. This gives us the
idea the the three linearly independent solutions of the homogeneous equation are given by

e−t, et cos t, et sin t,

corresponding to the characteristic polynomial

(R + 1)(R − 1 − i)(R − 1 + i) = (R + 1)(R2 − 2R + 2) = R3 − R2 + 2,

hence to the differential equation

(13)
d3x

dt3
− d2x

dt2
+ 2x = q(t).

First assume that the equation is given by (13). Then we obtain q(t) by putting x = et into
the left hand side of the equation, thus q(t) = 2et, and the equation becomes

(14)
d3x

dt3
− d2x

dt2
+ 2x = 2et.
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Clearly, the complete solution of (14) is given by

x = et + c1e
−t + c2e

t cos t + c3e
t sin t, c1, c2, c3 ∈ R, t ∈ R,

and we see that the given solutions et − et cos t and et +3e−t are among these. This proves the
existence of such an equation.

2) The uniqueness is far from obvious, since we have only the knowledge of two solutions, and we
shall find three constants and the function q(t). Therefore the problem apparently lacks some
information.
It will later turn up that the assumption that the coefficients are constant (they may be complex
in the following), and the information that

et cos t = Re
{

e(1+i)t
}

occurs in the solution actually secures that

et sin t = Im
{

e(1+i)t
}

also must occur in the solution. In fact:

We know that

x = 3e−t + et cos t = 3e−t + Re
{

e(1+i)t
}

is a solution of the homogeneous equation. We shall now see what this means. First we calculate

dx

dt
= −3e−t + Re

{
(1 + i)e(1+i)t

}
,

d2x

dt2
= 3e−t + Re

{
(1 + i)2e(1+i)t

}
,

d3x

dt3
= −3e−t + Re

{
(1 + i)3e(1+i)t

}
,

thus by insertion

d3x

dt3
+ a2

d2x

dt2
+ a1

dx

dt
+ a0 x

= −3e−t + Re
{

2i(1 + i)e(1+i)t
}

+ a2

{
3e−t + Re

{
2ie(1+i)t

}}
+a1

{
−3e−t + Re

{
(1 + i)e(1+i)t

}}
+ a0

{
3e−t + Re

{
e(1+i)t

}}
= (−3 + 3a2 − 3a1 + 3a0)e−t + 2et Re

{
(−1 + i)eit

}
+ 2a2e

t Re
{
ieit
}

+a1e
t Re

{
(1 + i)eit

}
+ a0e

t Re eit

= 3(a0 − a1 + a2 − 1)e−t + 2et{− cos t − sin t} + 2a2e
t{− sin t}

+a1e
t{cos t − sin t} + a0e

t cos t

= 3(a0 − a1 + a2 − 1)e−t

+(−2 + a1 + a0)et cos t + (−2 − 2a2 − a1)et sin t,

where we see that the term et sin t turns up.
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The functions e−t, et cos t and et sin t are linearly independent. Therefore, this expression is 0,
if and only if⎧⎨
⎩

a0 − a1 + a2 = 1,
a0 + a1 = 2,

a1 + 2a2 = −2,
i.e.

⎧⎨
⎩

2a0 − 2a1 + 2a2 = 2,
3a0 + 3a1 = 6,

− a1 − 2a2 = 2.

When we add the latter three equations, we get 5a0 = 10, or a0 = 2, and then (second equation)
a1 = 0 and a2 = −1, and we can now write the equation in the form

d3x

dt3
− d2x

dt2
+ 2x = q(t), t ∈ R,

proving the uniqueness.
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3) If we did not start with the very intuitive point (1), then we proceed in the following way:
The corresponding characteristic polynomial

R3 − R2 + 2 = (R + 1)(R2 − 2R + 2)

has the simple roots R = −1 and R = 1 ± i, hence the complete solution of the homogeneous
equation is

c1e
−t + c2e

t cos t + c3e
t sin t, c1, c2, c3 ∈ R, t ∈ R.

Now, et − et cos t is a solution of the equation, and et cos t is a solution of the homogeneous
equation. This shows that x = et is a particular solution. When it is put into the left hand
side of the equation, we obtain

q(t) =
d3x

dt3
− d2x

dt2
+ 2x = et − et + 2et = 2et,

and the equation becomes

d3x

dt3
− d2x

dt2
+ 2x = 2et,

where the complete solution is

et + c1e
−t + c2e

t cos t + c3e
t sin t, c1, c2, c3 ∈ R, t ∈ R.

Example 2.6 For the differential equation

d4x

dt4
+ a3

d3x

dt3
+ a2

d2

d2t
+ a1

dx

dt
+ a0 x = q(t), t ∈ R,

we get the information that the functions

cos t, cos t + 2 sin 2t − cos 2t, cos t − et + 3e−t

are all solutions. Find the numbers a0, a1, a2, a3 and the function q(t).

A. Linear inhomogeneous differential equation of fourth order and of (unknown) constant coefficients
and an unknown right hand side. We know three solutions of the inhomogeneous equation. Find
the constants and the right hand side. Note that the complete solution is not requested.

D. The difference of any two of the given solutions must be a solution of the corresponding homoge-
neous equation. Insert these solutions and find the coefficients. Finally we insert one solution in
order to get q(t).

I. It is first seen that the two differences

{cos t + 2 sin 2t − cos 2t} − cos t = 2 sin 2t − cos 2t,

and

{cos t − et + 3e−t} − cos t = −et + 3e−t,
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are both solutions of the homogeneous equation. Then a qualified guess is that the characteristic
polynomial must contain the factors R2 + 4 (corresponding to c1 cos 2t + c2 sin 2t) and R2 − 1
(corresponding to c3e

t + c4e
−t), thus the characteristic polynomial is probably given by

(R2 + 1)(R2 − 1) = R4 + 3R2 − 4,

corresponding to

d4x

dt4
+ 3

d2x

dt2
− 4x = q(t).

If we insert the solution x = cos t, we get in this case

q(t) = cos t − 3 cos t − 4 cos t = −6 cos t.

We may therefore expect that the equation is

(15)
d4x

dt4
+ 3

d2x

dt2
− 4x = −6 cos t,

which has the complete solution

cos t + c1 cos 2t + c2 sin 2t + c3e
t + c4e

−t, t ∈ R,

where c1, c2, c3, c4 ∈ R are arbitrary constants.

Notice that (15) clearly satisfies the conditions, so we have at least found one solution.

We shall now prove that the model above is unique. If we insert a solution of the homogeneous
equation

x = 2 sin 2t − cos 2t,

dx

dt
= 2 sin 2t + 4 cos 2t,

d2x

dt2
= −8 sin 2t + 4 cos 2t,

d3x

dt3
= −8 sin 2t − 16 cos 2t,

d4x

dt4
= 32 sin 3t − 16 cos 2t,

into the left hand side of the equation, we get

d4x

dt4
+ a3

d3x

dt3
+ a2

d2x

dt2
+ a1

dx

dt
+ a0 x

= 32 sin 2t − 16 cos 2t

−8a3 sin 2t − 16a3 cos 2t

−8a2 sin 2t + 4a2 cos 2t

+2a1 sin 2t + 4a1 cos 2t

+2a0 sin 2t − a0 cos 2t

= 2(16−4a3−4a2+a1+a0) sin 2t − (16+16a3−4a2−4a1+a0) cos 2t.
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Now, sin 2t and cos 2t are linearly independent. Therefore this expression is 0, if and only if{
a0 + a1 − 4a2 − 4a3 = −16,
a0 − 4a1 − 4a2 + 16a3 = −16,

.

Put b1 = a0 − 4a2 and b2 = a1 − 4a3. Then

b1 = a0 − 4a2 = −16, b2 = a1 − 4a3 = 0.

Then let

x = −et + 3e−t =
d2x

dt2
=

d4x

dt4
,

and

dx

dt
= −et − 3e−t =

d3x

dt3
,

from which

d4x

dt4
+ a3

d3x

dt3
+ a2

d2x

dt2
+ a1

dx

dt
+ a0 x

= (1 + a2 + a0)x + (a3 + a1)
dx

dt
= (1 + a2 + a0)(−et + 3e−t) − (a3 + a1)(et + 3e−t)
−(1 + a2 + a0 + a3 + a1)et + 3(1 + a2 + a0 − a3 − a1)e−t.

Since et and e−t are linearly independent, this is 0, if and only if{
(1 + a2 + a0) + (a3 + a1) = 0,
(1 + a2 + a0) − (a3 + a1) = 0,

hence

a1 + a3 = 0 and a0 + a2 = −1.

We shall now only solve the four equations{
a0 − 4a2 = −16,
a0 + a2 = −1,

{
a1 = 4a3,
a1 = −a3,

from which it is seen that a1 = a3 = 0, and −5a2 = −15, thus a2 = 3 and a0 = −4. Therefore we
get precisely

d4x

dt4
+ 3

d2x

dt2
− 4x = q(t),

hence by insertion of the solution x = cost of the inhomogeneous equation we get q(t) = −6 cos t,
and the equation becomes

d4x

dt4
+ 3

d2x

dt2
− 4x = −6 cos t,

so we have proved the uniqueness.
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Example 2.7 Given the complete solution of an inhomogeneous linear differential equation of order
n,

x = c1 cos 2t + c2 sin 2t + c3 + c4t + t2, t ∈ R.

Find n and the equation.

A. From the information of the complete solution of a linear inhomogeneous equation of unknown
order n, though of constant coefficients, we shall find the order n and reconstruct the differential
equation.

D. First find the characteristic polynomial, and then insert the particular solution.

I. Since we have four arbitrary constants, the order must be n = 4.

Since cos 2t = Re e2it and sin 2t = Im e2it are solutions of the homogeneous equation, the factor
R2 + 4 must occur in the characteristic polynomial.

Since 1 = e0·t and t = t · e0·t are solutions of the homogeneous equation, we must have the double
root R = 0 in the characteristic polynomial, so R2 is also a factor in the polynomial.
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When we collect these things we see that the characteristic polynomial is

(R2 + 4)R2 = R4 + 4R2,

corresponding to the linear differential equation of fourth order and of constant coefficients

d4x

dt4
+ 4

d2x

dt2
= q(t).

Since x = t2 is a solution of the inhomogeneous equation, we must have

q(t) =
d4x

dt4
+ 4

d2x

dt2
= 8,

and the equation becomes

d4x

dt4
+ 4

d2x

dt2
= 8.

Example 2.8 Find the complete solution of the differential equation

d3x

dt3
+ 3

d2x

dt2
+ 3

dx

dt
+ x = et cos 2t, t ∈ R.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. This exam-
ple is almost the same as Example 2.4, with the exception here that we also shall find the complete
solution.

D. Find the roots of the characteristic polynomial. Then write the solution of the homogeneous
equation. Finally, guess a complex solution in the form c · e(1+2i)t, and then take the real part.

I. The characteristic polynomial R3 + 3R2 + 3R + 1 = (R + 1)3 has the treble root R = −1, hence
the complete solution of the homogeneous equation is

c1e
−t + c2te

−t + c3t
2e−t.

If we put x = c · e(1+2i)t into the left hand side of the equation, we get

d3x

dt3
+ 3

d2x

dt2
+ 3

dx

dt
+ x

= c{1 + (1 + 2i)}3 e(1+2i)t = 8c(1 + i)3e(1+2i)t

= 16c(−1 + i)e(1+2i)t,

which is equal to e(1+2i)t for

c =
1

16(−1 + i)
= −1 + i

32
.

Thus a particular solution is given by

x = Re
{
−1 + i

32
e(1+2i)t

}
=

1
32

et {sin 2t − cos 2t},

and the complete solution is

x =
1
32

et sin 2t − 1
32

et cos 2t + c1e
−t + c2te

−t + c3t
2e−t, t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.
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Example 2.9 Find the complete solution of the differential equation

d5x

dt5
+ 4

d4x

dt4
= et + 3 sin 2t + t, t ∈ R.

A. Linear inhomogeneous differential equation of fifth order and of constant coefficients.

D. Find the roots of the characteristic polynomial and set up the solution of the homogeneous equa-
tion. Then guess systematically, where we note that one of the terms on the right hand side is
already a solution of the homogeneous equation.

I. The characteristic polynomial R5 + 4R4 = (R + 4)R4 has the simple root R = −4 and the fourfold
root R = 0. Hence the homogeneous equation has the complete solution

c1 + c2t + c3t
2 + c4t

3 + c5e
−4t, t ∈ R,

where c1, c2, c3, c4, c5 ∈ R are arbitrary constants.

If we put x = c · e2it into the left hand side of the equation, we get

d5x

dt5
+ 4

d4x

dt4
= c
{
(2i)5 + (2i)4

}
e2it = 24c · (2i + 1)e2it,

which is equal to 3e2it for c =
3
16

· 1
1 + 2i

=
3
80

(1− 2i). Since 3 sin 2t = Im
{
3e2it

}
, we obtain the

result 3 sin 2t, when we choose

x = Im
{

3
80

(1 − 2i)e2it

}
=

3
80

{sin 2t − 2 cos 2t}.

If we put x = 1, t, t2, t3 into the left hand side of the equation, we of course get 0. If we instead
put x = c · t4, then we can expect to get a constant, and if we put x = c · t5, we can expect to get
a polynomial of first degree. Therefore, our guess is

x = at5 + bt4.

Then by insertion

d4x

dt4
= 5 · 4 · 3 · 2 at + 4 · 3 · 2 · 1 b = 120at + 24b

and

d5x

dt5
= 120a,

thus

d5x

dt5
+ 4

d4x

dt4
= 120a + 480at + 96b = 480at + (120a + 96b).

This is equal to t, if a =
1

480
and

120a + 96b =
1
4

+ 96b = 0, i.e. b = − 1
384

.
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The searched solution is

x =
1

480
t5 − 1

384
t4.

Finally, the complete solution of the differential equation is

1
480

t5 − 1
384

t4 +
3
80

sin 2t − 3
40

cos 2t +
1
5

et

+c1 + c2t + c3t
2 + c4t

3 + c4e
−4t, t ∈ R,

where c1, c2, c3, c4, c5 ∈ R are arbitrary constants.

Example 2.10 Consider a differential equation

d4x

dt4
− x = sin(αt), t ∈ R,

where α is a real number. Find the values of α, for which the differential equation has a solution of
the form

x = a cos(αt) + b sin(αt).

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients. Find the
constant α, such that a given function is a solution.

D. Put x = c · eiαt and see when we get a solution. Although it is not required, we shall nevertheless
find the complete solution, just for the practice.

I. If x = c · eiαt is put into the left hand side of the equation, we get

d4x

dt4
− x = c

{
(iα)4 − 1

}
eiαt = c

(
α4 − 1

)
eiαt.

When α 	= ±1, then α4 − 1 	= 0. Thus, if we choose c =
1

α4 − 1
, then we get the result eiαt.

Corresponding to this the solution becomes

x =
1

α4 − 1
sinαt, α ± 1.

When α = ±1, the right hand side sinαt is also a solution of the homogeneous equation, hence a
solution, which is independent of the first one, must contain the additional factor t, so it cannot
be of the desired structure.

Remark. Complete solution. The characteristic polynomial

R4 − 1 = (R2 − 1)(R2 + 1) = (R − 1)(R + 1)(R2 + 1)

has the four simple roots ±1 and ±i. Hence, if α 	= ±1, the complete solution is

x =
1

α4 − 1
sinαt + c1e

t + c2e
−t + c3 cos t + c4 sin t, t ∈ R,

where c1, c2, c3, c4 ∈ R are arbitrary constants.
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Example 2.11 Find the complete solution of the differential equation

d4x

dt4
+ x = cos t + 2 cos 2t, t ∈ R.

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients.

D. Find the roots of the characteristic polynomial; set up the solution of the homogeneous equation;
finally, guess systematically a particular solution.

I. The characteristic polynomial R4 + 1 has the four simple roots

1√
2

(±1 ± i),

(all four combinations of signs). The complete solution of the homogeneous equation is

ca exp
(

1√
2

t

)
cos
(

1√
2

t

)
+ c2 exp

(
1√
2

)
sin
(

1√
2

t

)

+c3 exp
(
− 1√

2
t

)
cos
(

1√
2

t

)
+ c4 exp

(
− 1√

2
t

)
sin
(

1√
2

t

)
,

c1, c2, c3, c4 ∈ R, t ∈ R.
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If we put x = c · cos t into the left hand side of the equation. we get

d4x

dt4
+ x = 2c · cos t,

which is equal to cos t for c =
1
2
, so x =

1
2

cos t gives the result cos t.

If we put x = c · cos 2t into the left hand side of the equation, we get

d4x

dt4
+ x = c

(
24 + 1

)
cos 2t = 17c · cos 2t,

which is equal to 2 cos 2t for c =
2
17

.

When we put all things together we get the complete solution

1
2

cos t +
2
17

cos 2t

+c1 exp
(

1√
2

t

)
cos
(

1√
2

t

)
+ c2 exp

(
1√
2

t

)
sin
(

1√
2

t

)

+c3 exp
(
− 1√

2
t

)
cos
(

1√
2

t

)
+ c4 exp

(
− 1√

2
t

)
sin
(

1√
2

t

)
,

c1, c2, c3, c4 ∈ R, t ∈ R.

Example 2.12 Consider the differential equation

dnx

dtn
+ an−1

dn−1x

dtn−1
+ · · · + a1

dx

dt
+ a0 x = q(t), t ∈ R.

Find the condition for that any two solutions ϕ(t) and ψ(t),

ϕ(t) − ψ(t) → 0 for t → ∞.

A. Find a condition for that all solutions of the homogeneous equation tend to 0 for t → +∞.

D. Find the roots of the characteristic polynomial.

I. By a complex factorization (the fundamental theorem of algebra) we get the characteristic polyno-
mial

Rn + an−1R
n−1 + · · · + a1R + a0 = (R − r1)(R − r2) · · · (R − rn).

If r ∈ {r1, . . . , rn} is a simple root, r = r′ + ir′′, then a solution of the homogeneous equation is

ert = er′teir′′t = er′t{cos r′′t + i sin r′′t}.

Now
∣∣∣eir′′t

∣∣∣ = 1, so the condition is er′t → 0 for t → +∞, i.e. Re r < 0.
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If r is a multiple root of multiplicity k > 1, then we must at least have Re r < 0. Since the solution
corresponding to r is a linear combination of

ert, tert, . . . , tk−1ert,

and since the exponential dominates the power functions, this condition is also sufficient.

The condition is that every root in the characteristic polynomial has negative real part. (This
condition is both necessary and sufficient).

Example 2.13 Consider the differential equation

d4x

dt4
+ 5

d3x

dt3
+ 13

d2x

dt2
+ 19

dx

dt
+ 10x = sin 2t, t ∈ R.

Prove that there exists precisely one solution which is periodic of period π, and find this solution.

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients. Find a
periodic solution.

D. Find the roots of the characteristic polynomial. Prove that no solution of the homogeneous
equation is periodic. Finally, find a solution by the complex method.

I. The characteristic polynomial

R4 + 5R3 + 13R2 + 19R + 10

is positive for R ≥ 0, so the only possible rationale roots can only be found among the numbers
−1, −2, −5, −10. By trial and error,

R = −1 : R4 + 5R3 + 132 + 19R + 10 = 1 − 5 + 13 − 19 + 10 = 0,
R = −2 : R4 + 5R3 + 13R2 + 19R + 10 = 16 − 40 + 52 − 38 + 10 = 0,

proving the R = −1 and R = −2 are roots. Then

(R + 1)(R + 2) = R2 + 3R + 2

is a divisor in the characteristic polynomial. By division we get

R4 + 5R3 + 13R2 + 19R + 1 == (R + 1)(R + 2)(R2 + 2R + 5),

and we see that all roots are

R = −1, R = −2, R = −1 ± 2i.

These are all simple. Due to the exponential factor, none of the corresponding solutions of the
homogeneous equation (linear combinations of

e−t, e−2t, e−t cos 2t, e−t sin 2t, )

can be periodic.
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There must exist a solution of the form Im
{
c · e2it

}
. Clearly, such a solution is periodic of period

π.

If we put x = c · e2it into the left hand side of the equation, we get

d4x

dt4
+ 5

d3x

dt3
+ 13

d2x

dt2
+ 19

dx

dt
+ 10x

=
{
(2i)4 + 5(2i)3 + 13(2i)2 + 19 · 2i + 10

}
e2it

= c{16 − 40i − 52 + 38i + 10}e2it = c · 2(−13 − i)e2it,

which is equal to e2it for

c = −1
2
· 1
13 + i

= −1
2
· 1
170

(13 − i) = − 1
340

(13 − i) =
1

340
(−13 + i).

Thus, the periodic solution is given by

x0(t) = Im
{

1
340

(−13 + i)e2it

}
=

1
340

cos 2t − 13
340

sin 2t.

Example 2.14 Find the complete solution of the differential equation

d4x

dt4
− 2

d3x

dt3
− 2

d2x

dt2
+ 8t = t4 − 3t2 − 5t + 2, t ∈ R.

A. Linear inhomogeneous differential equation of order 4 and of constant coefficients.

D. Find the roots of the characteristic polynomial; then write down the solution of the homogeneous
equation; finally, guess a particular solution.

I. The possible rational roots of the characteristic polynomial

R4 − 2R3 − 2R2 + 8

are R = ±1, ±2, ±4 and ±8.

Clearly, R = ±1 is not a root, because R4 − 2R2 − 2R2 is odd for R = ±1. Furthermore, 32 is a
divisor in R4 − 2R3 − 2R2, when R = ±4 or R = ±8, so we can also exclude these possibilities.
Therefore, it remains only R = ±2. By a calculation

R = 2 : R4 − 2R3 − 2R2 + 8 = 16 − 16 − 8 + 8 = 0,

proving that R = 2 is a root. Then by a division by a polynomial we get the factorization

R4 − 2R3 − 2R2 + 8 = (R − 2)(R3 − 2R − 4) = (R − 2)2(R2 + 2R + 2),

and we see that the roots are R = 2 (double root) and the two simple roots R = −1 ± i.

Hence, the complete solution of the homogeneous equation is

c1e
2t + c2t e2t + c3e

−t cos t + c4e
−t sin t, t ∈ t,

where c1, c2, c3, c4 ∈ R are arbitrary constants.
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Since none of these terms occurs in the right hand side of the equation, we guess a particular
solution of the form of a polynomial of fourth degree. Then we get the calculations:

x = at4 + bt3 + ct2 + dt + e,
dx

dt
= 4at3 + 3bt + 2ct + d,

d2x

dt2
= 12at2 + 6bt + 2c,

d3x

dt3
= 24at + 6b,

d4x

dt4
= 24a.

By insertion,

d4x

dt4
− 2

d3x

dt3
− 2

d2x

dt2
+ 8x

= 8at4+8bt3+8ct2+8dt+8e−24at2−12bt−4c−48at−12b+24a

= 8at4 + 8bt3 + (8c − 24a)t2 + (8d − 12b − 48a)t + (8e − 4c − 12b + 24a).
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This is equal to t4 − 3t2 − 5t + 2, if

8a = 1, 8b = 0, 8c − 24 = −3,

8d − 12b − 48a = −5, 8e − 4c − 12b + 24a = 2,

hence

a =
1
8
, b = 0, c = 0,

8d = 12b + 48a − 5 = 1, dvs. d =
1
8
,

and

8e = 4c + 12b − 24a + 2 = −1, dvs. e = −1
8
.

Thus, the complete solution is

x =
1
8

t4 +
1
8

t − 1
8

+ c1e
2t + c2t e2t + c3e

−t cos t + c4e
−t sin t,

t ∈ R, c1, . . . , c4 ∈ R.

Example 2.15 Consider a differential equation of order n,

(16)
dnx

dtn
+ an−1

dn−1x

dtn−1
+ · · · + a1

dx

dt
+ a0x = cos ωt, t ∈ R,

with its corresponding characteristic equation

P (R) = Rn + an−1R
n−1 + · · · + a1R + a0 = 0.

Prove that

x = Re
(

eiωt

P (iω)

)

is a solution of (16), if P (iω) 	= 0.

A. Linear inhomogeneous differential equation of order n and of constant coefficients.

D. Solve the equation by the complex method.

I. Assume that P (iω) 	= 0.

If we put x = c · eiωt, we get

dkx

dtk
= c(iω)keiωt,

so

dnx

dtn
+ an−1

dn−1x

dtn−1
+ · · · + a1

dx

dt
+ a0x

= c
{
(iω)n + an−1(iω)n−1 + · · · + a1(iω) + a0

}
eiωt

= c · P (iω) eiωt.
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This is equal to eiωt for c =
1

P (iω)
, hence a solution of (16) is given by

x = Re
(

eiωt

P (iω)

)
.

Example 2.16 Given the polynomial

P (z) = z4 + 6z2 + 25, z ∈ C.

1) Find all complex roots of P (z).

2) Calculate the complex number P (1 + i).

3) Find the complete solution of the differential equation

d4x

dt4
+ 6

d2x

dt2
+ 25x = et cos t, t ∈ R.

A. Roots of a polynomial of fourth degree. Computation of a complex number. A linear inhomoge-
neous differential equation of second order and of constant coefficient.

D. The polynomial of degree four is a polynomial of degree two in the new variable w = z2.

The characteristic polynomial is equal to the given polynomial. The roots are given in (1). From
et cos t = Re

{
e(1+i)t

}
follows that (2) can be applied when we shall find a particular solution of

the inhomogeneous equation-

I. 1) When w = z2 we get

P (z) = z4 + 6z2 + 25 = w2 + 6w + 25 = (w + 3)2 + 16.

Thus, the roots are

w = z2 =
{ −3 + 4i = 1 + 2 · 2i − 22 = (1 + 2i)2,

−3 − 4i = 1 − 2 · 2i − 22 = (1 − 2i)2,

so we find the four roots

1 + 2i, 1 − 2i, −1 + 2i, −1 − 2i.

2) By insertion we get

P (1 + i) = (1 + i)4 + 6(1 + i)2 + 25 = −4 + 12i + 25 = 21 + 12i = 3(7 + 4i).

3) According to (1) the roots of the characteristic polynomial are

1 + 2i, 1 − 2i, −1 + 2i, −1 − 2i.

Then the corresponding homogeneous equation has the complete solution

c1e
t cos 2t + c2e

t sin 2t + c3e
−t cos 2t + c4e

−t sin 2t.
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The corresponding inhomogeneous complex equation is of the form

d4x

dt4
+ 6

d2x

dt2
+ 25x = e(1+i)t, t ∈ R.

Let us guess on x = a e(1+i)t. Then by (2),

d4x

dt4
+ 6

d2x

dt2
+ 25x = P (1 + i)a e(1+i)t = 3(7 + 4i)a e(1+i)t.

This is equal to e(1+i)t, if

a =
1
3
· 1
7 + 4i

=
1
3
· 7 − 4i

72 + 42
=

1
195

(7 − 4i).

Hence we obtain a particular solution of the complex equation,

x =
1

195
(7 − 4i) e(1+i)t.

The corresponding solution of the real equation is

x = Re
{

1
195

(7 − 4i) e(1+i)t

}

=
et

195
Re{(7 − 4i)(cos t + i sin t)}

=
et

195
{7 cos t + 4 sin t}.

The complete solution is

x =
7

195
et cos t +

4
195

et sin t + c1e
t cos 2t

+c2e
t sin 2t + c3e

−t cos 2t + c4e
−t sin 2t,

where t ∈ R, and where c1, c2, c3, c4 ∈ R are arbitrary constants.

C. Test. If

x =
7

195
et cos t +

4
195

et sin t,

then

dx

dt
=

7 + 4
195

et cos t +
−7 + 4

195
et sin t

=
11
195

et cos t − 3
195

et sin t,

and

d2x

dt2
=

11 − 3
195

et cos t +
−11 − 3

195
et sin t

=
8

195
et cos t − 14

195
et sin t,
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and

d3x

dt3
=

8 − 14
195

et cos t +
−8 − 14

195
et sin t

= − 6
195

et cos t − 29
195

et sin t,

and

d4x

dt4
=

−6 − 22
195

et cos t +
6 − 22
195

et sin t

= − 28
195

et cos t − 16
195

et sin t.
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Finally, by insertion,

d4x

dt4
+ 6

d2x

dt2
+ 25x

= − 28
195

et cos t − 16
195

et sin t

+
48
195

et cos t − 84
195

et sin t

+
35
39

et cos t +
20
39

et sin t

=
(

20
195

+
35
39

)
et cos t +

(
−100

195
+

20
39

)
et sin t

=
(

4
39

+
35
39

)
et cos t +

(
−20

39
+

20
39

)
et sin t

= et cos t. ♦

We shall not test the solution of the homogeneous equation.

Example 2.17 1) Find the complete solution of the differential equation

d3x

dt3
− 2

d2x

dt2
+ 3x = 0, t ∈ R.

2) Find the complete solution of the differential equation

(17)
d3x

dt3
− 2

d2x

dt2
+ 3x = 13 cos t, t ∈ R.

3) Find all solutions x = ϕ(t) of (17), for which also ϕ(0) = 0.

4) Prove that if x = ϕ(t) is a solution of (17), then y = ϕ′(t) is a solution of

(18)
d3y

dt3
− 2

d2y

dt2
+ 3 y = −13 sin t, t ∈ R.

Do we here have a converse, i.e. if y = ψ(t) is a solution of (18), and ϕ(t) is an integral of ψ(t),
then x = ϕ(t) is a solution of (17)?

A. Linear homogeneous and inhomogeneous differential equation of third order and of constant coef-
ficients.

D. Find the roots of the characteristic polynomial and the complete solution of the homogeneous
equation. Then guess a particular solution. Finally, differentiate (17).

I. 1) The characteristic polynomial

R3 − 2R2 + 3 = (R + 1)(R2 − 3R + 3)

= (R + 1)

(
R − 3 + i

√
3

2

)(
R − 3 − i

√
3

2

)
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has the roots

−1,
3 + i

√
3

2
,

3 − i
√

3
2

.

Thus the complete solution of the homogeneous equation is

c1e
−t + c2 exp

(
3
2

t

)
cos

(√
3

2
t

)
+ c3 exp

(
3
2

t

)
sin

(√
3

2
t

)
, t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

The corresponding complex equation is

d3x

dt3
− 2

d2x

dt2
+ 3x = 13eit.

If we guess on x = a eit, then we get by insertion,

d3x

dt3
− 2

d2x

dt2
+ 3x = a

(
i3 − 2i2 + 3

)
eit = a(5 − i)eit,

which is equal to 13eit for

a =
13

5 − i
=

13(5 + i)
52 + 1

=
5 + i

2
.

Thus, a particular solution of (17) is

x = Re
{

5 + i

2
(cos t + i sin t)

}
=

1
2
{5 cos t − sin t}.

The complete solution of (17) is

ϕ(t) =
5
2

cos t − 1
2

sin t + c1e
−t

+c2 exp
(

3
2

t

)
cos

(√
3

2
t

)
+ c3 exp

(
3
2

t

)
sin

(√
3

2
t

)
,

where t ∈ R, and where c1, c2, c3 ∈ R are arbitrary constants.

If we put t = 0, we get

ϕ(0) =
5
2

+ c1 + c2 = 0, hence c1 = −5
2
− c2.

All solutions ϕ(t), for which ϕ(0) = 0, are then

ϕ(t) =
5
2

cos t − 1
2

sin t −
(

5
2

+ c2

)
e−t

= c2 exp
(

3
2

t

)
cos

(√
3

2
t

)
+ c3 exp

(
3
2

t

)
sin

(√
3

2
t

)
,

where t ∈ R, and where c2, c3 ∈ R are arbitrary constants.
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Then by differentiating (17),

d4x

dt4
− 2

d3x

dt3
+ 3

dx

dt
=

d3y

dt3
− 2

d2y

dt2
+ 3 y = −13 sin t.

Use the same reasoning on the equation

(19)
d3x

dt3
− 2

d2x

dt2
+ 3x = 13 cos t + c, c arbitrary constant,

where y =
dx

dt
of course also is a solution of (18). Therefore, it is not possible to conclude that an

integral of a solution y of (18) is also a solution of (17).

Example 2.18 Find the complete solution of the differential equation

d3x

dt3
+ 8x = cos 3t, t ∈ R.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. Cf. also
Example 2.19.

D. Solve the characteristic equation and guess a particular solution.

I. The characteristic polynomial

R3 + 8 = (R + 2)(R2 − 2R + 4)

= (R + 2)(R − {1 + i
√

3})(R − {1 − i
√

3})

has the roots −2, 1 + i
√

3 and 1 − i
√

3, so the complete solution of the homogeneous equation is

c1e
−2t + c2e

t cos(
√

3 t) + c3e
t sin(

√
3 t), t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

The corresponding complex equation is

d3x

dt3
+ 8x = e3it.

If we put x = a e3it into the left hand side of the equation, we get

d3x

dt3
+ 8x = a

{
(3i)3 + 8

}
e3it = 8{8 − 27i}e3it,

which is equal to e3it, when

a =
1

8 − 27i
=

8 + 27i

82 + 272
=

1
793

{8 + 27i}.

Thus, a solution of the corresponding real equation is

x = Re
{

1
793

(8 + 27i)(cos 3t + i sin 3t)
}

=
1

793
{8 cos 3t − 27 sin 3t}.
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The complete solution of the original equation is now

x =
1

793
{8 cos 3t − 27 sin 3t} + c1e

−2t

+c2e
t cos(

√
3 t) + c3e

t sin(
√

3 t), t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

Example 2.19 1) Find the complete solution of the differential equation

d3x

dt3
+ 8x = cos 3t, t ∈ R.

2) How many solutions x = ϕ(t) of the differential do also satisfy ϕ(0) = 0 and ϕ′(0) = 1?

A. Linear inhomogeneous differential equation of third order and of constant coefficients. The first
question is the same as the first question in Example 2.18.

D. Solve the characteristic equation and then guess a particular solution.
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I. 1) The characteristic polynomial

R3 + 8 = (R + 2)(R2 − 2R + 4)

= (R + 2)(R − {1 + i
√

3})(R − {1 − i
√

3})
has the roots −2, 1 + i

√
3 and 1− i

√
3, so the complete solution of the homogeneous equation

is

c1e
−2t + c2e

t cos(
√

3 t) + c3e
t sin(

√
3 t), t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

The corresponding complex equation is

d3x

dt3
+ 8x = e3it.

If we put x = a e3it into the left hand side of the equation, we get

d3x

dt3
+ 8x = a

{
(3i)3 + 8

}
e3it = 8{8 − 27i}e3it,

which is equal to e3it for

a =
1

8 − 27i
=

8 + 27i

82 + 272
=

1
793

{8 + 27i}.

Then a solution of the corresponding real equation is

x = Re
{

1
793

(8 + 27i)(cos 3t + i sin 3t)
}

=
1

793
{8 cos 3t − 27 sin 3t}.

The complete solution of the original equation is

x =
1

793
{8 cos 3t − 27 sin 3t} + c1e

−2t

+c2e
t cos(

√
3 t) + c3e

t sin(
√

3 t), t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

2) Since we have two constraints and three arbitrary constants, we must have an infinity of
solutions. Now,

x =
1

793
{8 cos 3t − 27 sin 3t} + c1e

−2t + c2e
t cos(

√
3 t) + c3e

t sin(
√

3 t),

so
dx

dt
=

1
793

{−81 cos 3t − 24 sin 2t} − 2c1e
−2t

+(c2 + c3

√
3)et cos(

√
3 t) + (−c2

√
3 + c3)et sin(

√
3 t).

If we put t = 0, then

ϕ(0) = 0 =
8

793
+ c1 + c2, ϕ′(0) = 1 = − 81

793
− 2c1 + c2 + c3

√
3,
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hence c1 = − 8
793

− c2 and

1 = − 81
793

− 2c1 + c2 + c3 = − 81
793

+
16
793

+ 3c2 + c3,

so

c3 = 1 +
81
793

− 16
793

− 3c2 = 1 +
65

13 · 61
− 3c2 = 1 +

5
61

− 3c2 =
66
61

− 3c2.

The set of solutions is given by

x =
1

793
{8 cos 3t − 27 sin 3t} −

(
8

793
+ c2

)
e−2t

+c2e
−2t + c2e

t cos(
√

3 t) +
(

66
61

− 3c2

)
et sin(

√
3 t), t ∈ R,

where c2 ∈ R is an arbitrary constant.

Example 2.20 Find the complete real solution of the differential equation

d4x

dt4
+ 8

d2x

dt2
+ 16x = 0, t ∈ R.

A. Linear homogeneous differential equation of fourth order and of constant coefficients. Cf. also
Example 2.21.

D. Find the roots of the characteristic polynomial.

I. The characteristic polynomial R4 + 8R2 + 16 =
(
R2 + 4

)2 has the two complex conjugated double
roots ±2i. Then the complete solution is

x = c1 cos 2t + c2 sin 2t + c3t cos 2t + c4t sin 2t, t ∈ R,

where c1, c2, c3, c4 ∈ R are arbitrary constants.

Example 2.21 Find the complete real solution of the differential equation

d4x

dt4
+ 8

d2x

dt2
+ 16x = et sin t.

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients. Cf. also
Example 2.20.

D. Find the roots of the characteristic polynomial. Guess on a complex solution of the type x =
c · e1+i)t, because

Im e(1+i)t = et sin t.
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I. The characteristic polynomial R4 + 8R2 + 16 =
(
R2 + 4

)2 has the two complex conjugated double
roots ±2i. The corresponding homogeneous equation has the complete solution

c1 cos 2t + c2 sin 2t + c3t cos 2t + c4t sin 2t, t ∈ R,

where c1, c2, c3, c4 ∈ R are arbitrary constants.

If we put x = c e(1+i)t into the left hand side of the equation, and let R = 1 + i, we get

c(R2 + 4)2e(1+i)t = c
{
(1 + i)2 + 4

}2
e(1+i)t = c(2i + 4)2e(1+i)t

= 4c(2 + i)2e(1+i)t = 4c(3 + 4i)e(1+i)t,

which is equal to e(1+i)t for

c =
1

4(3 + 4i)
=

3 − 4i

4 · (9 + 16)
=

3 − 4i

100
.

Then a particular solution is

x = Im
{

3 − 4i

100
e(1+i)t

}
=

1
100

et {3 sin t − 4 cos t}.

Finally, we get the complete solution

x =
1

100
et {3 sin t − 4 cos t} + c1 cos 2t + c2 sin 2t

+c3t cos 2t + c4t sin 2t, t ∈ R,

where c1, c2, c3, c4 ∈ R are arbitrary constants.

Example 2.22 Find the complete solution of the differential equation

d3x

dt3
− d2x

dt2
− dx

dt
+ x = cos t, t ∈ R.

A. Linear inhomogeneous differential equation of third order and of constant coefficients.

D. Analyze the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial

R3 − R2 − R + 1 = (R − 1)(R2 − 1) = (R − 1)2(R + 1)

has the simple root R = −1 and the double root R = 1. The homogeneous equation has the
solution

c1e
−t + c2e

t + c3te
t, c1, c2, c3 ∈ R, t ∈ R.

If we guess the solution x = c · eit, we get

d3x

dt3
− d2x

dt2
− dx

dt
+ x = c

{
i3 − i2 − i + 1

}
eit = c{2 − 2i}eit.
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This is equal to eit for c =
1

2 − 2i
=

1 + i

4
. Then a particular solution is given by

Re
{

1
4

(1 + i) eit

}
=

1
4
{cos t − sin t}.

Finally, the complete solution is

x =
1
4
{cos t − sin t} + c1e

−t + c2e
t + c3te

t, t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

Example 2.23 Find the complete solution of the differential equation

d3x

dt3
− 4

d2x

dt2
+

dx

dt
− 4x = 8t2 + 15, t ∈ R.

A. Linear inhomogeneous differential equation of third order and of constant coefficients.

D. Solve the characteristic equation. Then guess a particular solution.
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I. The characteristic polynomial

R3 − 4R2 + R − 4 = (R − 4)
(
R2 + 1

)
has the three simple roots R = 4 and R = ±i, so the homogeneous equation has the complete
solution

c1e
4t + c2 cos t + c3 sin t, t ∈ R, c1, c2, c3 ∈ R.

If we then put x = at2 + bt + c, we get by insertion

d3x

dt3
− 4

d2x

dt2
+

dx

dt
− 4x

= −4 · 2a + b + 2at − 4at2 − 4bt − 4c

= −4at2 + (2a − 4b)t − 8a + b − 4c.

This is equal to 8t2 + 15, when

−4a = 8, 2a − 4b = 0, −8a + b − 4c = 15,

so a = −2, b =
1
2

a = −1 and

c =
1
4

(−8a + b − 15) =
1
4

(16 − 1 − 15) = 0.

Thus, a particular solution is −2t2 − t.

All things considered we obtain the complete solution

x = −2t2 − t + c1e
4t + c2 cos t + c3 sin t, t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

Example 2.24 Find the complete solution of the differential equation

d3x

dt3
+ 3

d2x

dt2
= sin t, t ∈ R.

A. Linear inhomogeneous differential equation of third order and of constant coefficients.

D. Find the roots of the characteristic polynomial. Then guess a particular solution.

I. The corresponding characteristic polynomial

R3 + 3R2 = R2(R + 3)

has the simple root R = −3 and the double root R = 0, so the corresponding homogeneous
equation has the complete solution

x = c1 + c2t + c3e
−3t.

 Linear differential equations of higher order and of constants coeffi cients
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We then use the complex method. If we pu x = a eit, we see that

d3x

dt3
+ 3

d2x

dt2
= a
(
i3 + 3i2

)
eit = a(−3 − i)eit.

This is equal to eit for

a = − 1
3 + i

= −3 − i

10
=

1
10

(−3 + i),

so a particular solution is

x0(t) = Im
{

1
10

(−3 + i)(cos t + i sin t)
}

=
1
10

{cos t − 3 sin t}.

Hence, the complete solution is

x(t) =
1
10

cos t − 3
10

sin t + c1 + c2t + c3e
−3t, t ∈ R,

where c1, c2, c3 ∈ R are arbitrary constants.

 Linear differential equations of higher order and of constants coeffi cients
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3 Other types of linear differential equations

Example 3.1 1) Find the complete solution of the differential equation

dx

dt
+
(

4t3

1 + t4
− 1

t

)
x =

1
t(1 + t4)

, t ∈ R+.

2) Find∫
t

1 + t4
dt

by applying the substitution u = t2.

3) Find the complete solution of the differential equation

d2x

dt2
+
(

4t3

1 + t4
− 1

t

)
dx

dt
= 0, t ∈ R+.

A. Linear differential equation of first and second order of variable coefficients.

D. Apply the usual solution formula.

I. 1) From p(t) =
4t3

1 + t4
− 1

t
, t > 0, we get

P (t) = ln(1 + t4) − ln t,

hence,

ϕ(t) = e−P (t) =
t

1 + t4
.

The complete solution of the homogeneous equation is

c · ϕ(t) = c · t

1 + t4
, t > 0, c ∈ R.

A particular solution is

x = ϕ(t)
∫

q(t)
ϕ(t)

dt =
t

1 + t4

∫
1 + t4

t
· 1
t(1 + t4)

dt

=
t

1 + t4

∫
1
t2

dt = − 1
1 + t4

.

The complete solution of the inhomogeneous equation is

x = − 1
1 + t4

+ c · t

1 + t4
, t > 0, c ∈ R.

2) First variant. By the substitution u = t2 we get∫
t

1 + t4
dt =

1
2

∫
u=tt

1
1 + u2

du =
1
2

[Arctan u]u=t2 =
1
2

Arctan(t2).

 Other types of linear differential equations
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Second variant. Decomposition. First note that
1 + t4 = t4 + 2t2 + 1 − 2t2 = (t2 + 1)2 − (

√
2 t)2

= (t2 +
√

2 t + 1)(t2 −
√

2 t + 1),
hence

t

1 + t4
=

t

(t2 −√
2 t + 1)(t2 +

√
2 t + 1)

=
1

2
√

2
· 1
t2 −√

2 t + 1
− 1

2
√

2
· 1
t2 +

√
2 t + 1

=
1√
2
· 1
(
√

2 t)2 − 2
√

2 t + 2
− 1√

2
· 1
(
√

2 t)2 + 2
√

2 t + 2

=
1√
2
· 1
1 + (

√
2 t − 1)2

− 1√
2
· 1
1 + (

√
2 t + 1)2

,

and thus∫
t

1 + t4
dt =

1√
2

∫
1

1 + (
√

2 t − 1)2
dt − 1√

2

∫
1

1 + (
√

2 t + 1)2
dt

=
1
2

Arctan(
√

2 t − 1) − 1
2

Arctan(
√

2 t + 1).

It can be proved that the two solutions found by two different methods only differ by a
constant.

3) If we put y =
dx

dt
, we get the equation

dy

dt
+
{

4t3

1 + t4
− 1

t

}
y = 0, t > 0.

This is only the homogeneous equation from (1), so the complete solution is

y =
dx

dt
= 2c1 · t

1 + t4
.

When this equation is integrated we get by (2) that

x = c1{Arctan(
√

2 t − 1) − Arctan(
√

2 t + 1)} + c2

= c1 Arctan(t2) + c′2, c1, c2, c′2 ∈ R, t > 0,

which are two equivalent expressions of the complete solution of the differential equation in (3).

 Other types of linear differential equations



Download free books at BookBooN.com

Calculus Analyse 1c-5

 

87  

4 Mathematical models

Figure 3: A mechanical system, where the mass m to the right is under influence of a force F(t),
and where the mass to the left is connected with a spring (force of the spring k) and a damper with
corresponding constant c. The corresponding differential equation of the movement is

m
d2x

dt2
+ c

dx

dt
= kx = F (t).

Figure 4: An electric circuit with a coil of inductance L, a resistance R and a capacitor of capacity C
and a voltage generator of the voltage V (t). The corresponding differential equation is

LC
d2Vc

dt
+ RC

dVc

dt
+ Vc = V (t).

Example 4.1 Two physical phenomena are indicated on the figures above.

In the first case we consider a mass m, which moves along the x-axis. The mass is under the influence
of a force of a spring k, a damper of constant c and an external force F (t), which we here choose as
F0 cos ωt.

 Mathematical models
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In the second case we consider an electric circuit consisting of a coil of induction L, a resistance R,
a capacitor of capacity C, and a voltage generator of voltage V (t). We choose here V (t) = V0 sin ωt.

We shall consider the following problems in the two cases. In the first case we want to find the
displacement of the mass x(t) from equilibrium, and in the second case we want to find the voltage
Vc(t) measured over the capacitor. These two tasks are from a mathematical point of view identical,
i.e. the mathematical model is the same in the two cases. We shall not here derive how we get to this
model.

1) First prove that both differential equations can be written

(20)
d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = f · cos ωt, t ∈ R.

Here α ≥ 0, and we assume that ω > 0.

2) Consider the case where the external force is 0. This corresponds to F0 = V0 = 0, hence

(21)
d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = 0, t ∈ R.

Find the condition for that a solution of (21) can be 0 infinitely often, and find in this case the
complete solution of (21).

 Mathematical models
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3) Then consider (20) without a damper, corresponding to α = 0. Hence

(22)
d2x

dt2
+ ω2

0 x = f · cosωt, t ∈ R.

Find for every ω > 0 the complete solution of (22).

4) For one particular value of ω the solutions of (22) are in principle different from the solutions for
all other values of ω. Which value? How should one physically interpret the result in this case?

A. Models. Mathematically a linear differential equation of second order and of constant coefficients.
There are given some guidelines.

D. Follow the guidelines.

I. 1) a) If we divide the equation

m
d2x

dt2
+ c

dx

dt
+ kx = F0 cos ωt

by m > 0, we get

d2x

dt2
+

c

m

dx

dt
+

k

m
x =

F0

m
cos ωt,

which we also write

d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = f · cos ωt

for

α =
c

2m
, ω0 =

√
k

m
og f =

F0

m
.

b) If we divide the equation

LC
d2Vc

dt2
+ RC

dVc

dt
+ Vc = V0 cos ωt

by LC > 0 and put Vc equal to x, then

d2x

dt2
+

R

L

dx

dt
+

1
LC

x =
V0

LC
cos ωt,

which is written

d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = f · cos ωt

for

α =
R

2L
, ω0 =

1√
LC

og f =
V0

LC
.
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2) Let

d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = 0, t ∈ R, ω0 > 0, α ≥ 0.

The characteristic polynomial

R2 + 2α R + ω2
0 = (R + α)2 + ω2

0 − α2

has the roots

R =

⎧⎨
⎩

−α ±
√

ω2
0 − α2, for ω0 > α,

−α (double root), for ω0 = α,

−α ± i
√

α2 − ω2
0 , for ω0 < α.

Thus, the complete solution is

a) c1 exp
({

−α +
√

ω2
0 − α2

}
t
)

+ c2 exp
({

−α −
√

ω2
0 − α2

})
,

for ω0 > α,
b) c1e

−αt + c2t e−αt, for ω0 = α,

c) c1e
−αt cos

(
t
√

α2 − ω2
0

)
+ c2e

−αt sin
(
t
√

α2 − ω2
0

)
,

for ω0 < α.

It follows that if (c1, c2) 	= (0, 0), then the solutions are only infinitely often equal to 0 in case
c). This is seen by writing the solution in c) in the following way

√
c2
1 + c2

2 · e−αt

{
c1√

c2
1 + c2

2

cos
(

t
√

α − ω2
0

)
+

c2√
c2
1 + c2

2

sin
(

t
√

α2 − ω2
0

)}

=
√

c2
1 + c2

2 · e−αt cos
(√

α2 − ω2 t − ϕ
)

,

where ϕ satisfies

cos ϕ =
c1√

c2
1 + c2

2

, sinϕ =
c2√

c2
1 + c2

2

.

Hence the solution takes the value 0, when

tp =
1√

α2 − ω2
0

(
ϕ +

π

2
+ pπ

)
, p ∈ Z.

In the other two cases, only the zero solution is 0 infinitely often.

3) Then consider

d2x

dt2
+ ω2

0x = f · cos ωt, t ∈ R.

The characteristic polynomial R2 + ω2
0 has the roots ±i ω0, hence the complete solution of the

homogeneous equation is

c1 cos ω0t + c2 sinω0t.
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If ω 	= ω0, we put x = c · cos ωt into the left hand side of the equation. Then

d2x

dt2
+ ω2

0x = c
(−ω2 + ω2

0

)
cos ωt,

which is equal to f · cos ωt for c =
f

ω2
0 − ω2

, and the complete solution is

f

ω2
0 − ω2

cos ωt + c1 cos ω0t + c2 sin ω0t, t ∈ R, c1, c2 ∈ R.

On the other hand, if ω = ω0, then put x = c t sinω0t into the left hand side of the equation.
Then by a small calculation,

dx

dt
= c · sin ω0t + cω0t cos ω0t,

d2x

dt2
= 2ω0c cos ω0t − c ω2

0t sin ω0t,
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hence by insertion,

d2x

dt2
+ ω2

0x = 2ω0c · cos ω0t,

which is equal to f · cos ω0t for c =
f

2ω0
. We see that in this case the complete solution is given

by

f

2ω0
t sin ω0t + c1 cos ω0t + c2 sinω0t, t ∈ R, c1, c2 ∈ R.

4) The special case is of course ω = ω0, where the complete solution is

f

2ω0
t sin ω0t + c1 cos ω0t + c2 sinω0t, t ∈ R, c1, c2 ∈ R,

because we here get an extra factor t.

–4

–2

0

2

4

1 2 3 4 5

Figure 5: The graph of t sin(3πt).

We note that

lim
ω→ω0

f

ω2
0 − ω2

{cos ωt − cos ω0t}

= lim
ω→ω0

−f

ω0 + ω
· cos ωt − cos ω0t

ω − ω0

= − f

2ω0
(−t · sin ω0t)

=
ft

2ω0
· sinω0t.

This means that it is also possible to obtain the solution for ω = ω0 by a limit process.

The solutions of the homogeneous equation are the natural eigenfunctions of the system, so the
phenomenon only means that the external force is in resonance with the eigenfunctions. We
note that t sin ω0t oscillates between ±t, so the maximum grows to infinity, when t tends to
infinity.
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Example 4.2 Let us return to the electric circuit of Example 4.1. Assume that V (t) = V0 cos ωt, and
that we want to find the voltage Vc. It can be proved that we have for given Vc(t),

LC
d2Vc

dt2
+ RC

dVc

dt
+ Vc = V0 cos ωt.

Assuming all this we consider the differential equation

(23)
d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = f · cos ωt, t ∈ R,

where all constants are positive. Let x0(t) denote the solution which is obtained by the complex method
of solution.

1) Find A(ω), such that x0(t) can be written

x0(t) = A(ω) cos(ωt0ϕ(ω)),

where the exact value of ϕ(ω) is not required.

2) Find for every value of α and ω0, the maximum of A(ω), ω > 0, and the value of ω, for which we
get this maximum.

A. Linear differential equation of second order and of constant coefficient. The complex method of
solution is requested.

D. Put x = c · eiωt, find c, and put x0(t) = Re x(t).

I. If we put x = c · eiωt into (23), we get

d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = c
(−ω2 + 2i α ω + ω2

0

)
eiωt,

which is equal to f ω eiωt for

c =
f · ω

ω2
0 − ω2 + 2i α ω

=
f · ω · {(ω2

0 − ω2
)− 2i α ω

}
(ω2

0 − ω2)2 + 4α2ω2
.

Hence,

x0(t) = Re
{

f · ω
(ω2

0−ω2)2+4α2ω2
[ω2

0−ω2−2iαω] eiωt

}

=
f · ω

(ω2
0−ω2)2+4α2ω2

{
(ω2

0−ω2) cos ωt+2αω sinωt
}

=
f · ω√

(ω2
0−ω2)2+4α2ω2

{
ω2

0 − ω2√
(ω2

0−ω2)2+4α2ω2
cos ωt

+
2αω√

(ω2
0−ω2)2+4α2ω2

sin ωt

}

= A(ω) cos(ωt + ϕ),

where

A(ω) =
f · ω√

(ω2
0 − ω2)2 + 4α2ω2

.
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Then by a differentiation,

A′(ω) = f · (ω2−ω2
0)2+4α2ω2−ω{2ω(ω2−ω2

0)+4α2ω2}{
(ω2 − ω2

0)2 + 4α2ω2
} 3

2
,

which is equal to 0 for

0 = (ω2 − ω2
0)2 + 4α2ω2 − 2ω2(ω2 − ω2

0) − 4α2ω2

= − (ω2 − ω2
0

) (
ω2 + ω2

0

)
,

i.e. for ω = ω0.

At the same time it is seen that A′(ω) > 0 for ω ∈ [0, ω0[, and A′(ω) < 0 for ω > ω0, so

A(ω0) =
f · ω0√

02 + 4α2ω2
0

=
f

2
√

α

is the maximum corresponding to ω = ω0.
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Example 4.3 Let us assume the same model as in Example 4.1. Consider the differential equation

(24)
d2x

dt2
+ 2α

dx

dt
+ ω2

0 x = f · cos ωt, t ∈ R,

where the constants α, ω0 and ω are all positive.

Let x0(t) denote the solution which is obtained by the complex method of solution.

1. Prove that x0(t) can be written

x0(t) = A(ω) cos(ωt + ϕ(ω)), t ∈ R,

where

A(ω) =
f√

(ω2
0 − ω2)2 + (2αω)2

.

2. Prove that for every solution x(t) of (24),

x(t) − x0(t) → 0 for t → +∞.

Due to the result in (2) we are mostly interested in the solution x0(t). For fixed ω let x0(t) denote
an oscillation of the amplitude A(ω). This amplitude therefore depends of the frequency of the angle
ω on the right hand side of (24). Considered as a function in ω we call A(ω) the characteristics of
amplitude of the differential equation (or of the corresponding physical system).

3. Find the maximum of A(ω), ω > 0, and the value of ω, for which this maximum is attained.

(One shall be very careful here and the right time distinguish between the two cases.)

A. Linear differential operator of second order and of constant coefficients. Amplitude. There are
some similarities with Example 4.2.

D. Solve the equation by the complex method. Prove that every solution of the corresponding ho-
mogeneous equation tends to 0. Find the maximum of the amplitude.

I. 1) If we put x = c · eiωt into the left hand side of the equation, we get(−ω2 + 2iαω + ω2
0

)
c eiωt,

which is equal to f · eiωt for

c =
f

(ω2
0 − ω2) + 2iαω

=
f√

(ω2
0−ω2)2+(2αω)2

· ω2
0−ω − 2iαω√

(ω2
0−ω2)2+(2αω)2

.

We note that the last factor is a complex unit vector, hence there exists a ϕ = ϕ(ω), such that(
ω2

0−ω2
)−2iαω√

(ω2
0−ω2)2+(2αω)2

= e−iϕ.
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Using this ϕ = ϕ(ω) the solution becomes

x0(t) = Re

{
f√

(ω2
0−ω2)2+(2αω)2

· e−iϕ · eiωt

}

=
f√

(ω2
0−ω2)2+(2αω)2

· cos(ωt + ϕ)

= A(ω) cos(ωt + ϕ),

where

A(ω) =
f√

(ω2
0−ω2)2+(2αω)2

.

2) For every solution x(t) of (24) we have that x(t) − x0(t) is a solution of the corresponding
homogeneous equation. the characteristic polynomial is

R2 + 2αR + ω2
0 = (R + α)2 + ω2

0 − α2.

Thus the roots are

R =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−α ±
√

α2 − ω2
0 , for α > ω0,

−α (double root), for α = ω0,

−α ± i
√

ω2
0 − α2, for α < ω0.

Clearly, Re R < 0 in the latter two cases. Since
√

α2 − ω2
0 < α, this is also true in the first

case, so∣∣eRt
∣∣ = et Re R → 0 for t → +∞,

because Re R < 0, and the claim is proved.

3) The function A(ω) attains its maximum, when

ψ(ω) =
(
ω2

0 − ω2
)2

+ (2αω)2

=
(
ω2 − ω2

0

)2
+ 4α2ω2, ω ≥ 0,

attains its minimum. We get by a differentiation,

ψ′(ω) = 2(ω2 − ω2
0) · 2ω + 8α2 · ω = 4ω

{
ω2 − ω2

0 + 2α2
}

.

Here, we distinguish between the two cases:

a. ω2
0 ≤ 2α2, b. ω2

0 > 2α2.

a) If ω2
0 ≤ 2α2, then ω2 − ω2

0 + 2α2 > 0 for ω > 0, hence ψ′(ω) > 0 for ω > 0. The minimum
is attained for ω = 0, corresponding to

ψ(0) = ω4
0 and A(0) =

f√
ψ(0)

=
f

ω0
, ω2

0 ≤ 2α2.
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b) If ω2
0 > 2α2, then ψ′(ω) < 0 for 0 < ω <

√
ω2

0 − 2α2, and ψ′(ω) > 0 for
√

ω0 − 2α2 < ω.
The minimum is obtained for ω =

√
ω2

0 − 2α2, corresponding to

ψ(ω) =
(
ω0 − {ω2

0 − 2α2})2 + (2α
√

ω2
0 − 2α2)2

= (2α2)2 + 4α2(ω2
0 − 2α2) = 4α2(ω2

0 − α2).
Finally, we get the maximum of A(ω) for ω =

√
ω2

0 − 2α2, and its value is

A

(√
ω2

0 − 2α2

)
=

f√
ψ
(√

ω2
0 − 2α2

)

=
f

2α
√

ω2
0 − α2

, ω2
0 > 2α2.

Example 4.4 A particle of mass m moves in the (x, y)-plane under the influence of the force F = k·v̂,
where k is a constant, and v denotes the velocity of the particle. The force F is therefore always
perpendicular to the velocity v.

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

y

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

x

An example of such a force is given by the movement of an electron in a homogeneous magnetic field
perpendicular to the (x, y)- plane. Another example is a rolling ball on a rotating foundation.

We get from Newton’s second law,

m
dv
dt

= k v̂.

If we put v(t) = (vx(t), vy(t)), then

(25)

⎧⎪⎨
⎪⎩

m
dvx(t)

dt
= −k vy(t),

m
dvy(t)

dt
= k vx(t).

We shall here take this for granted.

1) Derive from (25) a differential equation of second order in vx(t) and then find every possible
expression of the velocity v(t).
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2) Let x(t) and y(t) denote the coordinates of the particle, and assume that

x(0) = x0, y(0) = 0, vx(0) = 0 og vy(0) = v0,

where v0 	= 0. Then find the movement of the particle, i.e. find x(t) and y(t). Prove in particular
that the movement takes place on a circle.

A. Derivation of a linear differential equation of second order for vx, and the solution of this equation.
Then find the movement.

D. Differentiate the first equation of (25), and then insert into the second equation. Solve the equa-
tion.

I. 1) We get from (25),

m2 d2vx(t)
dt2

= −km
dvy(t)

dt
= −k2vx(t),

hence the equation can be written

(26)
d2vx

dt2
+
(

k

m

)2

vx(t) = 0.
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This is a linear and homogeneous differential equation of second order and of constant coeffi-
cients. The characteristic polynomial

R2 +
(

k

m

)2

has the roots ±i
k

m
, hence the complete solution of (26) is given by

vx(t) = c1 cos
(

k

m
t

)
+ c2 sin

(
k

m
t

)
= A cos

(
k

m
t + ϕ

)
.

From this expression and the first equation of (25) we then get

vy(t) = −m

k

dvx(t)
dt

= A sin
(

k

m
t + ϕ

)
.

Therefore, the possible solutions are given by

(vx(t), vy(t)) = A

(
cos
(

k

m
t + ϕ

)
, sin

(
k

m
t + ϕ

))
.

2) Now, let
dx

dt
= vx(t) and

dy

dt
= vy(t) with the initial conditions

x(0) = x0, y(0) = 0, vx(0) = 0, vy(0) = v0 	= 0.

Then we conclude from (1) that

(vx(t), vy(t)) = A

(
cos
(

k

m
t + ϕ

)
, sin

(
k

m
t + ϕ

))
.

If we put t = 0, we get

(vx(0), vy(0)) = (0, v0) = A (cos ϕ, sin ϕ),

thus A = v0 and ϕ =
π

2
. Then

⎧⎪⎪⎨
⎪⎪⎩

dx

dt
= vx(t) = v0 cos

(
k

m
t +

π

2

)
= −v0 sin

(
k

m
t

)
,

dy

dt
= vy(t) = v0 sin

(
k

m
t +

π

2

)
= v0 cos

(
k

m
t

)
.

By an integration,⎧⎪⎪⎨
⎪⎪⎩

x(t) = v0 · m

k
cos
(

k

m
t

)
+ c1,

y(t) = v0 · m

k
sin
(

k

m
t

)
+ c2,

hence

c1 = x(0) − v0 · m

k
= x0 − v0m

k
, c2 = y(0) − 0 = y0.
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The solution is

(x(t), y(t)) = (c1, c2) +
v0m

k

(
cos
(

k

m
t

)
, sin

(
k

m
t

))

=
(
x0 − v0m

k
, y0

)
+

v0m

k

(
cos
(

k

m
t

)
, sin

(
k

m
t

))
,

for t ∈ R,

which describes a circular movement with

centre:
(
x0 − v0m

k
, y0

)
and radius:

∣∣∣v0m

k

∣∣∣ .

Example 4.5 On the figure is shown a setting up, where a horizontal disc is turned with a constant
velocity of the angle Ω. the mass m moves frictionless in a pipe which is fixed on the disc, and k is the
resistance of the spring. Let x(t) denote the oscillation of the mass from equilibrium. The constants k
and m are in the following kept fixed, and the movement of the mass then only depends on the velocity
of the angle Ω. It can be proved that we as a mathematical model can use the differential equation

(27)
d2x

dt2
+
(

k

m
− Ω2

)
x = 0, t ≥ 0.

Figure 6: A disc rotating with the velocity of the angle Ω with a particle m fixed to a spring k in a
pipe which is fixed on the disc.

1) Find the values of Ω ∈ [0,+∞[, for which the mass oscillates harmonically (i.e. like either a cosine
or a sinus).

2) If the mass does not oscillate harmonically, then describe its movement. The model (27) only gives
a few possibilities, which should be indicated.

3) Find Ω, such that (27) has a solution x(t) satisfying

x(t) → 0 for t → +∞, x(0) = 1, x′(0) = −
√

k

m
.
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A. A mathematical model, which eventually is reduced to a linear and homogeneous differential
equation of second order and of constant coefficients.

D. Analyze the characteristic polynomial. Solve the equation.

I. 1) The characteristic polynomial

R2 +
(

k

m
− Ω2

)

has the roots

R =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

±
√

Ω2 − k

m
, for Ω >

√
k

m
,

0 (double root), for Ω =

√
k

m
,

±i

√
k

m
− Ω2, for 0 ≤ Ω <

√
k

m
.

Only pure imaginary roots can give harmonic solutions, so we conclude that the mass oscillates

harmonically, if and only if Ω ∈
[
0 ,

√
k

m

[
.

2) If Ω =

√
k

m
, then the solutions are

x = c1 + c2t, t ∈ R, c1, c2 ∈ R,

so either the particle is lying permanently in the position x = c1 (when c2 = 0), or it tends to
±∞ (depending on the sign of c2) for t tending to infinity.

If Ω >

√
k

m
, then the solutions are

x = c1 exp

(√
Ω2 − k

m
t

)
+ c2 exp

(
−
√

Ω2 − k

m
t

)
.

If c1 = 0, the movement of the particle is damped, i.e. it tends to the position of rest x = 0 for
t → +∞.

If c1 	= 0, then |x(t)| tends exponentially towards +∞.

In practice, none of the unbounded solutions can be realized, because the spring will be torn
into pieces for large t > 0.

3) If x(t) → 0 for t → +∞, then we must according to (2) either have the zero solution (which is
not possible, because x(0) = 1), or

x = c · exp

(
−
√

Ω2 − k

m
t

)
, Ω >

√
k

m
.
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Then

dx

dt
= −c

√
Ω2 − k

m
· exp

(
−
√

Ω2 − k

m
t

)
= −

√
Ω2 − k

m
· x(t).

From x(0) = 1 we get that c = 1. Furthermore, since x′(0) = −
√

k

m
,

−
√

Ω2 − k

m
= −

√
k

m
, dvs. Ω2 =

2k

m
.

From Ω > 0 we get

Ω =

√
2k

m

(
>

√
k

m

)
.

Since Ω2 − k

m
=

k

m
, the wanted solution is

x = exp
(
− k

m
t

)
, t ∈ R,

which clearly satisfies the given conditions.
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Example 4.6 Consider a shaft, which is supported in its two end points. These are described on the
oriented shaft by x = 0 and x = 	, where 	 denotes the length of the shaft. When the shaft rotates, it
can under certain conditions rotate in a bent form.

Figure 7: Sketch of a rotating shaft with the bending u(x).

the differential equation for the bending u of a rotating shaft is

(28) (EI)
d4u

dx4
−
(

pω2

g

)
u = 0,

where p indicates the weight per length, and ω the constant velocity of the angle, and g the gravity,
and E the module of elasticity of the shaft, and finally, I a cross section constant. The differential
equation only gives a good description for a small bending.

1. Find the complete solution of (28).

That the shaft can rotate in a bent form can be proved to be equivalent to that (28) has a solution
which is not the zero solution, where

u(0) = u′′(0) = u(	) = u′′(	) = 0.

We call the values of ω, for which this phenomenon occur for the critical velocities of the angle.

In the rest of this example we shall find these velocities of the angle. Therefore, consider a solution
u(x) of (28).

2. Prove that the conditions u(0) = u′′(0) are satisfied, if and only if u(x) can be written

u(x) = d1 sin(kx) + d2 sin(kx),

for some constants d1 and d2, where k is referring back to (28).

3. Then prove that if u(	) = u′′(	) = 0, then d1 = 0, and then find the critical velocities of the angle.

A. Linear homogeneous differential equation of fourth order and of constant coefficients.

D. Find the complete solution. Insert the boundary conditions.
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I. 1) The characteristic polynomial

EI · R4 − pω2

g
= EI

(
R4 − pω2

gEI

)
= EI

⎛
⎝R2 −

√
pω2

gEI

⎞
⎠
⎛
⎝R2 +

√
pω2

gEI

⎞
⎠

has the roots

R = ± 4

√
pω2

gEI
, R = ±i

4

√
pω2

gEI
.

If we put

k = k(ω) = 4

√
pω2

gEI
,

then the complete solution becomes

u(x) = c1 cosh(kx) + c2 sinh(kx) + c3 cos(kx) + c4 sin(kx),
t ∈ R, c1, . . . , c4 ∈ R.

2) Let

u(x) = c1 cosh(kc) + c2 sinh(kx) + c3 cos(kx) + c4 sin(kx).

Then

u′′(x) = c1k
2 cosh(kx) + c2k

2 sinh(kx) − c3k
2 cos(k) − c4k

2 sin(kx).

From u(0) = u′′(0) = 0 we get

c1 + c3 = 0 and k2(c1 − c3) = 0,

so c1 = c3 = 0, and thus

u(x) = c2 sinh(kx) + c4 sin(kx), k = k(ω) = 4

√
pω2

gEI
.

3) Furthermore, if u(	) = u′′(	) = 0, then we get for the solution u from (2) that

u(	) = 0 = c2 sinh(k	) + c4 sin(k	),
u′′(	) = 0 = c2k

2 sinh(k	) − c4k
2 sin(k	),

so it follows immediately that

c2 sinh(k	) = 0 and c4 sin(k	) = 0.

Now, k	 > 0, so sinh(k	) > 0, and it follows that c2 = 0.

It only remains the term

u(x) = c4 sin(kx), k = 4

√
pω2

gEI
,
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where the condition is

0 < k	 = 4

√
pω2

gEI
· 	 = nπ, n ∈ N.

The task is to find all possible ω for which this holds. Since

√
ω = 4

√
gEI

p
· nπ

	
, n ∈ N,

we finally get

ω =

√
gEI

p
· π2

	2
· n2, n ∈ N.

Example 4.7 A cable, which is fastened in two points, is hanging under the influence of its own
weight. Place a usual (x, y)-coordinate system such that the origo lies at the lowest point of the cable
and such that the x-axis has the same direction as the tangent at this point. By a consideration of the
equilibrium it can be proved that the cable describes a curve y = ϕ(x), which satisfies the differential
equation

(29)
d2y

dx2
=

W

K

√
1 +
(

dy

dx

)2

,

where W and K are positive constants.

1) Find the complete solution of (29) by first finding
dy

dx
.

2) Then find y = ϕ(x).

(The result gives the reasons for why the graph of this function is often called the chain curve.

A. A non-linear differential equation of second order, which can be reduced to a system of two
differential equations of first order

D. Put u =
dy

dx
, and then separate the variables. Exploit that the minimum lies at (0, 0).

I. 1) If we put u =
dy

dx
, then (29) becomes

du

dx
=

W

K

√
1 + u2, u =

dy

dx
.

The first equation is solved by separating the variables:

W

K
x + c1 =

∫
1√

1 + u2
du = Arsinh u,

hence

u =
dy

dx
= sinh

(
W

K
x + c1

)
.
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Then by a simple integration,

y =
K

W
cosh

(
W

K
x + c1

)
+ c2.

2) If x = 0, then ϕ(0) = 0 and ϕ′(0) = 0, so

ϕ(0) =
K

W
cosh(c1) + c2 = 0, ϕ′(0) = sinh(c1) = 0.

From the latter equation we get c1 = 0, which by insertion into the former one gives

c2 = −K

W
cosh 0 = −K

W
.

Thus the solution is

y = ϕ(x) =
K

W

{
cosh

(
W

K
x

)
− 1
}

.
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Example 4.8 Consider a beam of length 	, which is clamped at its left end point, while it in its right
end point is under the influence of a pressure P . Let u(x) denote the bending of the beam (cf. the
figure).

Figure 8: A clamped beam under influence of a pressure P from the right.

It turns up that the beam is only bending due to the force P in some special situations. We shall
discuss this by using the mathematical model of the differential equation

(30)
d4u

dx4
+ P

d2u

dx2
= 0, 0 ≤ x ≤ 	, P > 0,

where for every bending u(x),

(31) u(0) = 0, u′′(0) = 0, u(	) = 0, u′′(	) = 0.

We shall take all this for granted in the following.

1) First find the complete solution of (30).

2) Then find all solutions of (30), for which the conditions in (31) are also fulfilled.

3) Find those values of P , for which the beam is bending, i.e. where u(x) is not identically zero, and
find the corresponding bending u(x).

A. Linear homogeneous differential equation of fourth order and of constant coefficients. There are
given some guidelines.

D. Follow the guidelines (the characteristic polynomial etc.).

I. 1) The characteristic polynomial

R4 + PR2 = R2(R2 + P ), P > 0,

has the roots

R = 0 (double root) and R = ±i
√

P ,

so the complete solution of (30) is

u(x) = c1 + c2x + c3 cos(
√

P x) + c4 sin(
√

P x), x ∈ [0, 	],

where c1, . . . , c4 ∈ R are arbitrary constants.
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2) If

u(x) = c1 + c2x + c3 cos(
√

P x) + c4 sin(
√

P x),

then

d2u

dx2
= −c3P cos(

√
P x) − c4P sin(

√
P x).

Then by insertion into (31),

u(0) = 0 = c1 + c3, u′′(0) = 0 = −c3P,

thus c3 = c1 = 0, and it only remains

u = c2x + c4 sin(
√

P x),
d2u

dx2
= −c4P sin(

√
P x).

If u(	) = u′′(	) = 0, we clearly get c2	 = 0, i.e. c2 = 0, so the possible solutions are

u = c · sin(
√

P x),

where

u′′(	) = 0 = −cP sin(
√

P 	).

Since c 	= 0 for a bending, we must have sin(
√

P · 	) = 0. This condition means that

√
P · 	 = nπ, i.e. P =

(nπ

	

)2

, n ∈ N.

3) According to (2) the solution is only different from the zero function, if

Pn =
π2

	2
· n2, n ∈ N.

In this case,

u(x) = c · sin
(√

Pn x
)

= c ·
(π

	
· nx
)

, x ∈ [0, 	],

where c ∈ R and n ∈ N.

Note in particular that the arbitrary constant c ∈ R cannot be fixed by the given conditions.
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Example 4.9 Consider a beam of length 	, which is clamped at its left end point, while it at its right
end point is under the influence of a pressure P . Let u(x) denote the bending of the beam, cf. the
figure. Unlike Example 4.8 we here assume that the bending has a horizontal tangent at the left end
point.

Figure 9: A clamped beam experiencing a pressure from the right.

We use as a mathematical model the differential equation

(32)
d4u

dx4
+ P

d2u

dx2
= 0, 0 ≤ x ≤ 	, P > 0,

where for every bending u(x),

(33) u(0) = 0, u′(0) = 0, u(	) = 0, u′′(	) = 0.

We shall take the above for granted in the following.

1) Find the complete solution of (32).

2) A real bending of the beam corresponds to an non-zero solution u(x) of (32), for which the condi-
tions (33) are fulfilled. Prove that this only is possible, if

tan(
√

P 	) =
√

P 	.

3) Find every possible bending of the beam.

A. Same differential equation as in Example 4.8, i.e. a linear homogeneous differential equation of
fourth order and of constant coefficients. Only the boundary conditions have changed. There are
given some guidelines.

D. Follow the guidelines.

I. 1) This is the same question as (1) in Example 4.8.

The characteristic polynomial

R4 + PR2 = R2(R2 + P )
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has the roots

R = 0 (double root) and R = ±i
√

P .

Therefore, the complete solution is

x = c1 + c2t + c3 cos(
√

P x) + c4 sin(
√

P x), x ∈ [0, 	],

where c1, . . . , c4 ∈ R are arbitrary constants.

2) Let

u = c1 + c2x + c3 cos(
√

P x) + c4 sin(
√

P x).

Then

du

dx
= c2 + c4

√
P cos(

√
P x) + c3

√
P sin(

√
P x),

u2u

dx2
= −c3P cos(

√
P x) − c4P sin(

√
P x).
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It follows from (33) that⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u(0) = 0 = c1 + c3,

u′(0) = 0 = c2 + c4

√
P ,

u(	) = 0 = c1 + c2	 + c3 cos(
√

P 	) + c4 sin(
√

P 	),
u′′(	) = 0 = −P

{
c3 cos(

√
P 	) + c4 sin(

√
P 	)

}
,

from which immediately follows that c1 + c2	 = c1 + c3 = 0 and

c3 cos(
√

P 	) + c4 sin(
√

P 	) = 0.

Hence

tan(
√

P 	) = −c3

c4
,

and since c4 = − c2√
P

and c3 = c2	, we get by insertion,

tan(
√

P 	) = − c2	

− c2√
P

=
√

P 	. Q.E.D.

0
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Figure 10: The intersection points x =
√

P 	 of the curves x and tan x.

3) If we use c = c2 as our parameter, if follows from (2) that

c1 = −c3 = −c · 	, c2 = c, c3 = c · 	, c4 = −c,

and the solutions are

u(x) = c
{

	 · cos(
√

P x) − sin(
√

P x) − (	 − x)
}

,

where
√

P · 	 satisfies the equation

tan(
√

P 	) =
√

P 	.

We note that c ∈ R can be chosen arbitrarily, so the solution is not uniquely determined by
these conditions.
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Example 4.10 Consider a disc, which rotates with a constant velocity of the the angle Ω. An elastic
rod is fastened in one of its end points to the periphery of the disc, while there in the other end point
is a particle of mass 1. We shall furthermore assume that the length of the rod is 1. We denote by
x(	) the deviation of the rod from the diameter of the disc (cf. the figure).

Figure 11: Rotating disc with an elastic rod fastened to its periphery.

The radius of the disc is r. When the disc rotates, the rod will (only) bend for some values of Ω.

For simplicity we shall only consider that situation, where the bending x(	) fulfils x(1) = 0.1. As a
mathematical model we shall use the differential equation

(34)
d3x

d	3
+ Ω2 (r − 1)

dx

d	
= Ω2 · 0, 1, 0 ≤ 	 ≤ 1,

and for a bending where x(1) = 0.1 we shall also require that

(35) x(0) = 0, x′(0) = 0, x′′(1) = 0, x(1) = 0, 1.

1) Find the complete solution of the differential equation (34) in each of the cases r < 1, r = 1 and
r > 1.

2) Let us consider the case r < 1. First find the complete solution of (34) by means of the hyperbolic
functions. Then prove that (34) has a solution which satisfies the conditions (35), only if the
velocity of the angle Ω satisfies

tanh(Ω
√

1 − r) = r Ω
√

1 − r.

A. I found this example in some book on Calculus, and I must say for one that I feel quite uneasy
with the physical model. In the original example the condition of the bending was x(1) = 1,
which means that the rod is always perpendicular of the diameter! When I pointed this out to the
authors, the condition was changed to x(1) = 0.1. This is still wrong, because we must assume
that the bending is perpendicular to the diameter, and the most natural thing would be to place
the coordinate system along the diameter. This violates the geometry of the problem! In fact,
draw the cord between the particle and the point of the rod on the periphery. Then this cord is
clearly shorter than the length 1 of the rod, and on the other hand it is also the hypothenuse of a
rectangular triangle, in which one of the shorter sides (given by the projection of the particle onto
the diameter) is 1. This is not possible in Euclidean geometry.
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Finally, we must consider the possibility of the coordinate axis to follow the elastic rod. But then
the condition x(1) = 0.1 on the particle implies that it must move on a line parallel with the
diameter in the distance of 0.1, so there must be a groove here. I can find nothing of the kind in
the example, so this is an unhappy example of a mathematical model where the requirement of
being solvable forces the authors to even violate the Euclidean geometry.

Let us forget the physical model, which apparently cannot be repaired in a reasonable way, and
instead turn to the mathematical task which still has a well-defined meaning, and which can
be solved. We have a linear inhomogeneous differential equation of third order and of constant
coefficients.

D. Find the roots of the characteristic polynomial in the three cases r < 1, r = 1 and r > 1. Guess
a solution.

I. 1) The characteristic polynomial is

R3 + Ω2 · (r − 1)R = R
{
R2 + Ω2 · (r − 1)

}
.

a) If 0 < r < 1, then the roots are

R = 0 and R = ±Ω
√

1 − r,

and the complete solution of the homogeneous equation is

x(	) = c1 + c2 cosh(Ω
√

1 − r 	) + c3 sinh(Ω
√

1 − r 	), 	 ∈ [0, 1],

where c1, c2, c3 ∈ R are arbitrary constants.

We immediately guess the particular solution x =
	

10(1 − r)
, so the complete solution is

x(	) =
	

10(1 − r)
+ c1 + c2 cosh(Ω

√
1 − r 	) + c3 sinh(Ω

√
1 − r 	).

b) If r = 1, then R = 0 is a treble root, so the homogeneous equation has the complete solution

c1 + c12	 + c3	
2, 	 ∈ [0, 1], c1, c2, c3 ∈ R.

We guess the particular solution x = c · 	3. Then if follows from (34) that 6c = −0, 1 · Ω2,

i.e. c = − 1
60

Ω2, and the complete solution is

x(	) = − 1
60

Ω 	3 + c1 + c2	 + c3	
2, 	 ∈ [0, 1], c1, c2, c3 ∈ R.

c) If r > 1, then the roots are

R = 0 R = ±iΩ
√

1 − r,

and a particular solution is x = − 	

10(r − 1)
. Thus the complete solution is

x(	) = − 	

10(r − 1)
+ c1 + c2 cos(Ω

√
r − 1 	) + c3 sin(Ω

√
r − 1 	),

where 	 ∈ [0, 1], and where c1, c2, c3 ∈ R are arbitrary constants.
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2) Let r < 1. According to (1a) above, the complete solution of (34) is

x(	) =
	

10(1 − r)
+ c1 + c2 cosh(Ω

√
1 − r 	) + c3 sinh(Ω

√
1 − r 	).

Hence

x′(	)=
1

10(1−r)
+ c3Ω

√
1−r cosh(Ω

√
1−r	) + c2Ω

√
1−r sinh(Ω

√
1−r	),

x′′(	) = c2Ω2(1 − r) cosh(Ω
√

1 − r	) + c3Ω2(1 − r) sinh(Ω
√

1 − r	).

We get from the boundary conditions (35) that
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(0) = 0 = c1 + c2,

x′(0) = 0 =
1

10(1 − r)
+ c3Ω

√
1 − r,

x′′(1) = 0 = Ω2(1 − r)
{
c2 cosh(Ω

√
1 − r) + c3 sinh(Ω

√
1 − r)

}
,

x(1) =
1
10

=
1

10(1−r)
+ c1 + c2 cosh(Ω

√
1−r) + c3 sinh(Ω

√
1−r).
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Then from the third equation,

tanh(Ω
√

1 − r) = −c2

c3
.

We conclude from the third and the fourth equation that

c1 =
1
10

(
1 − 1

1 − r

)
= − 1

10
· r

1 − r
,

so

c2 =
1
10

· r

1 − r

by the first equation.

Finally, it follows from the second equation that

c3 = − 1
10

· 1
Ω(1 − r)

√
1 − r

.

Then by insertion,

tanh(Ω
√

1 − r) = −c1

c3
= −

1
10
1
10

· r

1 − r
(−Ω(1 − r)

√
1 − r) = rΩ

√
1 − r

as required.

Example 4.11 We have for a pipe formed chemical reactor the differential equation

d2c

dx2
− dx

dx
− 3

4
c = −7 exp

(
−1

4
x

)
− 6 exp

(
−1

2
x

)
,

where c denotes the concentration of some unspecified matter, and where x is a coordinate.

1) Find the complete solution.

2) Find the particular solution c(x), for which

c(0) = 2 and
dx

dx
(0) = 6.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial; then guess a particular solution.

I. 1) The characteristic polynomial

R2 − R − 3
4

=
(

R − 3
2

)(
R +

1
2

)

has the two simple roots R = −1
2

and R =
3
2
. Therefore, the corresponding homogeneous

equation has the complete solution

c0(x) = k1 exp
(
−1

2
x

)
+ k2 exp

(
3
2

x

)
, x ∈ R, k1, k2 ∈ R.
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Then guess on c1(x) = k exp
(
−1

4
x

)
, which by insertion into the left hand side of the equation

gives

d2c

dx2
− dc

dx
− 3

4
c = k

{(
−1

4

)
=2 −

(
−1

4

)
− 3

4

}
exp
(
−1

4
x

)

= − 7
16

k exp
(
−1

4
x

)
.

This is equal to −7 exp
(
−1

4
x

)
for k = 16.

Since exp
(
−1

2
x

)
is a solution of the homogeneous equation, we change our guess to c2(x) =

k · x exp
(
−1

2
x

)
. Then

dc

dx
= k

(
−1

2

)
x exp

(
−1

2
x

)
,

and

d2c

dx2
= k

(
−1

2

)2

x exp
(
−1

2
x

)
− k · exp

(
−1

2
x

)
,

hence by insertion,

d2c

dx2
− dx

dx
− 3

4
c

= k

{
1
4

+
1
2
− 3

4

}
x exp

(
−1

2
x

)
+ k(−1 − 1) exp

(
−1

2
x

)

= −2k exp
(
−1

2
x

)
.

This is equal to −6 exp
(
−1

2
x

)
for k = 3.
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