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Calculus Analyse 1c-5 Preface

Preface

In this volume I present some examples of Simple Differential Equations II, cf. also Calculus 1a,
Functions of One Variable. Since my aim also has been to demonstrate some solution strategy I have
as far as possible structured the examples according to the following form

A Awareness, i.e. a short description of what is the problem.

D Decision, i.e. a reflection over what should be done with the problem.
I Implementation, i.e. where all the calculations are made.

C Control, i.e. a test of the result.

This is an ideal form of a general procedure of solution. It can be used in any situation and it is not
linked to Mathematics alone. I learned it many years ago in the Theory of Telecommunication in a
situation which did not contain Mathematics at all. The student is recommended to use it also in
other disciplines.

One is used to from high school immediately to proceed to I. Implementation. However, examples
and problems at university level are often so complicated that it in general will be a good investment
also to spend some time on the first two points above in order to be absolutely certain of what to do
in a particular case. Note that the first three points, ADI, can always be performed.

This is unfortunately not the case with C Control, because it from now on may be difficult, if possible,
to check one’s solution. It is only an extra securing whenever it is possible, but we cannot include it
always in our solution form above.

I shall on purpose not use the logical signs. These should in general be avoided in Calculus as a
shorthand, because they are often (too often, I would say) misused. Instead of A I shall either write
“and”, or a comma, and instead of V I shall write “or”. The arrows = and < are in particular
misunderstood by the students, so they should be totally avoided. Instead, write in a plain language
what you mean or want to do.

It is my hope that these examples, of which many are treated in more ways to show that the solutions
procedures are not unique, may be of some inspiration for the students who have just started their
studies at the universities.

Finally, even if I have tried to write as careful as possible, I doubt that all errors have been removed.
I hope that the reader will forgive me the unavoidable errors.

Leif Mejlbro
30th July 2007
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

1 Linear differential equations of second order and of constant
coeflicients
Example 1.1 Given the differential equation

A’z dr
- + al -

=q(t), teR.
d? gt T =alt), <

A student has found the solutions x = et and x = 2¢*, and he claims that these are the only ones.
How can one from the existence and uniqueness theorem alone conclude that this statement is wrong?

A. A theoretical question about a linear differential equation of second order.
D. Review the existence and uniqueness theorem.

I. According to the existence and uniqueness theorem there are for any given vector (tg,xo,vo) pre-
cisely one solution z = ¢(t), for which

o(to) = o, ¢ (to) = vo.

Today’s job market values ambitious, innovative, perceptive team players. Swedish
universities foster these qualities through a forward-thinking culture where you’re
close to the latest ideas and global trends.
Whatever your career goals may be, studying in Sweden will give you valuable
Swedish Institute ~~ skills and a competitive advantage for your future. www.studyinsweden.se
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

We shall therefore be able to solve the systems of equations
el =z, elo = vy,

or
2e!0 =z, 2et0 = vy,

which of course cannot be done in general.

What is wrong is tat the two given solutions are linearly dependent, so they only define a 1-
dimensional set of solutions. The order of the equation is 2, so the set of solutions must have
dimension 2. Furthermore, we have not retrieved all linear combinations of e?, so we see that there
are lots of errors in the statement above by this student.

Example 1.2 For a differential equation of the form

d’x dx
ﬁ—kalﬁ—kaow:q(t), t e R,

1
it is claimed that x = sint and x = 3 sin 2t are both solutions. Prove from the existence and uniqueness
theorem, that this is wrong.
A. An application of the existence and uniqueness theorem.

1
D. Choose t = 0, and show that sint and 3 sin 2t take on the same value and that the same is true

for their derivatives at ¢ = 0.

1
I. Let p(t) =sint and ¥(t) = 3 sin 2t. Then ¢'(t) = cost and ¢'(t) = cos 2t. For t = 0 we get

((0),¢'(0)) = (0,1) = (1(0),%'(0)),

hence ¢ and v are two different solutions through the same line element. This is according to the
existence and uniqueness theorem not possible.

Example 1.3 Find the complete solution of the differential equation

%—32—?4—23::0, teR.
A. Linear homogeneous differential equation of second order and of constant coefficients.
D. Start by finding the roots of the characteristic polynomial.
I. The characteristic polynomial is
R*>-3R+2=(R—-1)(R-2).

The roots R =1 and R = 2 are simple, so the complete solution is

crel + cge?t, 1,0 €R, teR.
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

Example 1.4 Find the complete solution of the differential equation

Az dx
— —6— — 162 = R.
2 6 / 6z =0, te

A. Linear homogeneous differential equation of second order and of constant coefficients.
D. Find the roots of the characteristic polynomial.

I. The characteristic polynomial
R*-6R—16=(R—3)>-5>=(R—8)(R+2)
has the roots R = —2 and R = 8. Thus, the complete solution is

$:C1672t+0268t, c,c0 €R, teR.

Example 1.5 Find the complete solution of the differential equation

A%z dx
8T 190%™ 1 5p—0, teR
a2 i teT

A. Linear homogeneous differential equation of second order and of constant coefficients.
D. Solve the characteristic equation.

I. The characteristic equation R? +2R+ 5 = 0 has the roots R = —1 4 2i, so the complete solution is

x = cre” ' cos2t + coetsin 2t, c1,c0 €ER, teR.

Example 1.6 Find the complete solution of the differential equation

d%z dz
— —2—+172=0 teR.
dt? dt i ’ <

A. Linear homogeneous differential equation of second order and of constant coefficients.
D. Solve the characteristic equation and set up the solution.

I. Obviously, the characteristic polynomial R2 — 2R + 17 has the two simple roots R = 1 4+ 4i. Thus,
the complete solution is

x = cye cosdt + cqel sin 4t, c,c0 €R, teR.
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

Example 1.7 Find the complete solution of the differential equation

dx dz
— —3—+42x=0 t e R.
dt? dt ter ’ <

A. Linear homogeneous differential equation of second order and of constant coefficients. This ex-
ample is almost identical with Example 1.3, the only difference being that we here require all the
complez solutions.

D. Apply Example 1.3, or find the roots of the characteristic polynomial.

I. The characteristic polynomial R?> — 3R + 2 has the two simple roots R = 1 and R = 2. Thus, all
complex solutions are

z = cret + coe?, c1,c0€C, teR.

Example 1.8 Find the complete solution of the differential equation

A2z dx
— —6— = teR.
a2 6 7 + 92 =0, S

A. Linear homogeneous differential equation of second order and of constant coefficients.
D. Solve the characteristic equation, and then set up the solution.

I. The characteristic equation B2 —6R+9 = (R —3)? has the double root R = 3, hence, the complete
solution is

x=cedt 4+ czte?’t7 c,c0 €ER, teR.

Example 1.9 Consider the differential equation

d?x dx

where ¢ is a positive real number.

1) Find for 0 < ¢ <1 that solution © = @.(t) of (1), for which ¢.(0) =1 and ¢.,(0) = 1.
2) Find for ¢ =1 that solution x = ¢1(t) of (1), for which p1(0) =1 and ¢} (0) = 1.

3) Let t € R be fived. Is it true that p.(t) — ©1(1), when ¢ — 17

A. Linear homogeneous differential equation of second order and of constant coefficients, where one
of the coefficients can change independently of ¢t. Check the behaviour of a solution during a limit
process with respect to this coefficient (a parameter).

D. For given ¢ we find the roots of the characteristic equation. Then set up the solution.

I. The characteristic equation cR? — 2R +1 =0, ¢ > 0, has the solutions

1 1+/1—
R:2—{2j:\/4—4c}:—c.
C C
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

1) When 0 < ¢ < 1, then the complete solution is

14++1-— 1—-+/1=
w:clexp( + Ct>—|—026xp(7ct>7 c1, c2 € R,
c c
where
! 1+\/1—C 1++v1—¢
d(t) = e ——— exp|——t
c c
1—\/1—0 (1_\/1—C)
+egr ———— exp| ———t .
c c
Thus
1+v1l—-c¢ 1—-+vV1—-c
pc(0) =1=c1+ e, @é(o)zlzcl'fﬁ-crf»

i.e.co=1—c¢q, and

1+\/1—c+ 1—-+v1—c¢ 1—\/1—c+ 2V1—¢
L St ) - - Vo=
c .
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

hence
1—-+v1-— — 14+ V11— 1
0 =—— {1_ C}ZC \/+ c:_{l_\/ch]n
2v/1—c¢ c 2v/1—c¢ 2
and

1
02:1—0125{1—&—\/1—0},

and we get
@) ¢lt) = J1-VI=Oexp (- ”—) Lirviy exp(ﬂt).

2) When ¢ = 1, then the characteristic equation R? —2R+1 = (R —1)? = 0, has the double root
R = 1. The complete solution is

dx
x = cre! + cote?  where i (c1 + c2)et + eotel.

It follows from
01(0)=1=¢c; and ¢1(0)=1=c; + ez,
that ¢; = 1 and ¢ = 0, so the solution is
o1(t) = e’
3) We get by the limit process ¢ — 1— in (2),

1,1
Jim po(t) = S e+ Sef = el = (1),

so we obtain 1 (t) by this limit process.

Example 1.10 Consider the differential equation

d’z

el +apx = q(t), teR.

+a1d

We get the extra information that the functions

sint + 2¢ and sint+et —e”t

are both solutions. Find the complete solution based on this information.

A. Linear inhomogeneous differential equation of second order and of constant, though unknown
coefficients. However, we are given two solutions. Find the complete solution.

D. When we take the difference of the two solutions, we get a solution of the corresponding homoge-
neous equation. Put this into the left hand side of the equation.

Download free books at BookBooN.com
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

I. The subtraction gives that
201 (t) = (sint + 2€') — (sint +e' —e ) =e' + 7" =2 cosht
is a solution of the corresponding homogeneous equation, thus
p1(t) = cosht

is also a solution. Then by insertion into the left hand side of the equation we get

d? d
dtﬁl +ay % +ag p1(t) = (ap + 1) cosht + ay sinht = 0.
Now, cosht and sinht are linearly independent, so we must have ag = —1 and a; = 0. We have

now reduced the equation to

2
C(lin —x = q(t).
Then the complete solution of the corresponding homogeneous equation is given by
¢y cosht + cosinht, c1, co € R.
Then we insert the solution sint + 2e?, which gives that
q(t) = —sint —sint = —2sint,

and the equation is

o 2sin ¢

— —x = —2sint,

dt?

and its complete solution is

xr = —2sint + ¢y cosht + ¢y sinht, c,c0 €R, teR.

Example 1.11 Consider the differential equation

d’x d_a:

=q(t teR
o tm S bar=alt),  tER

where we get the information that the functions
t? 4 e tcost and t?
are both solutions. Find the coefficients ay and ag, and the function q(t).

A. Linear inhomogeneous differential equation of second order and of constant, though unknown
coefficients. There are given two solutions. One shall find the constants and the right hand side

q(t).

D. First find a solution of the corresponding homogeneous equation. When this is put into the
homogeneous equation we derive a; and ag. Finally, insert 2 in order to get q(t).
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

I. The equation is linear, so the difference + = e~?*cost must be a solution of the corresponding
homogeneous equation. From

d d?
r =e 'cost, d—f = —e '(cost +sint), %;U = 2¢ 'sint,
we get
d2
ES + ald—gtc +apr = (—a1 +ag)e " cost + (2 —ar)e 'sint = 0.

Now, e tcost and e *sint are linearly independent, so we must necessarily have —a; + ag = 0
and 2 — a; = 0, and thus ag = a; = 2. The equation can now be written

d’x dx
S22 4 or = q(t).
oTE + 7 + 2z =q(t)

By insertion of z = t? we get
q(t) =262 + 4t +2 = 2(t + 1)?,
and the equation becomes

d*x dx
—— 42— 420 =2(+1)>%
gz T2t (t+1)
The corresponding complete solution is

SC:t2+6167tCOSt+0267tSint, c1,c0 €ER, teR.

Example 1.12 Find the complete solution of the differential equation

A%z dx
—— 43— 42r=¢" teR.
dt2+ dt+w “ <

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic equation. Then guess a particular solution.

I. The characteristic polynomial R% + 3R + 2 = (R + 1)(R + 2) has the simple roots R = —1 and
R = —2. The corresponding homogeneous equation therefore has the complete solution

cre”t + e, c1,c0 €R, teR.
Since the right hand side is not a solution of the homogeneous equation, we guess a particular
solution of the form x = ¢ - e*. Then by insertion

A’z dx

_ t

1
This expression is equal to e for ¢ = 5 Thus, the complete solution is

1
T = Eet—i—cle_t—i—ch_%, c1,c0 €R, teR.
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

Example 1.13 Find the complete solution of the differential equation

d*z dz
— —6— + 91 =17, teR
Pt
A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial and then the complete solution of the corresponding
homogeneous equation. Then guess a polynomial of third degree as a particular integral.

I. The characteristic equation R? — 6R + 9 = (R — 3)2 = 0 has the double root R = 3, hence the
corresponding homogeneous equation has the complete solution

T =ce’t + 02t83t, c1,c0 €ER, teR.

When we put = = at?® + bt? + ct + d into the left hand side of the equation, we get

d’z dx
= 9(at® + bt* + ct + d) — 6(3at® + 2bt + ¢) + (6at + 2b)

= 9at® + (9b — 18a)t* + (9¢ — 12b + 6a)t + (9d — 6¢ + 2b).

b
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

This is equal to ¢3, if
9a =1, 9b—18a =0, 9c—12b+6a =0, 9d—6¢c+2b=0,

hence
1 2 2
a=—-, b==, c=—=, d=—.
9 9 9
The complete solution is

1 2 2 8
x:§t3+§t2+§t+8—1+cle3t+02t63t, 1,0 €R, teR.

Example 1.14 Find the complete complex solution of the differential equation

A2z dx
— 32 4 m=2t+3 teR.
dt? dt ter *9 <

A. Linear inhomogeneous differential equation of second order and of constant coefficients.
D. Find the roots of the characteristic polynomial; guess a polynomial as a particular solution.

I. The characteristic polynomial R? — 3R + 2 = (R — 1)(R — 2) has the simple and real roots R = 1
and R = 2. The complete solution of the homogeneous equation is then given by
cret + cpe?, c1,c0€C, teR,

cf. Example 1.3 or Example 1.7.
When z = at? 4+ bt + c is put into the left hand side of the equation, we get

d? d
Ef —3d—f+2x = 2at® +bt+c)—3(2at +b) +2a
= 2at? + (2b — 6a)t + (2¢ — 3b + 2a).
This is equal to 2¢% + 3, when
2a = 2, 2b — 6a = 0, 2¢ — 3b+ 2a = 3.

Thus a =1, b = 3 and ¢ = 5. The complete solution is

z =12+ 3t + 5+ cret + cae?, c1,c€C, teR.
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

Example 1.15 Find the complete solution of the differential equation

d?z dx
w—2g+5x:cost7 t e R.

Write a MAPLE programme, which sketches the graph of one of the solutions of the differential
equation.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation. Insert the complex “guess” c- e, and find the real part.

-0.2

1
Figure 1: The graph of 10 {2cost —sint}.

I. The characteristic equation R? — 2R + 5 = 0 has the roots R = 1 4 2i. Thus, the corresponding
homogeneous equation has the complete solution

cre’ cos 2t + coet sin 2t, c,c0 €R, teR.

When z = ¢ e, we get

c-i2 e —2c-ie +5¢- et

[\
|

+

ot

8
|

= c(4—2i)e",

) 1
which is equal to e’ when ¢ = = — (2+41). Hence, if

- R (2 ) . — {2 t l‘Ilt}
r € - + e - COST — S
10 ! 10

is inserted into the left hand side of the equation we get the result Re e® = cost. The complete
solution is

1
T = 10 {2cost —sint} + cie’ cos 2t + coe’ sin 2t, t e R,

where ¢1, co € R are arbitrary constants.

Download free books at BookBooN.com
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Calculus Analyse 1c-5 Linear differential equations og second order and of constant coefficients

We shall give a MAPLE programme of sketching the graph of the most obvious particular solution,
namely

1 1 1
1 {2cost —sint} = R cost — I sin ¢.

MAPLE programmes are rarely unique. Here, I have used the commands
plot(cos(x)/5-sin(x)/(19) ,x=-Pi..Pi,color=black);

Notice that the scales are different on the axis.
We note that

1 V5[ 2 1 1
—{2cost —sint} = — < — cost — —= sint p = ——= cos(t + ),
e b= Yo { oot st} = L costr )
where
cos —l 0 sin —L
2 75 g ® 75

1
Hence the particular solution is a pure sinus oscillation of period 27 and of modulus ﬁ and the

phase shift.

Example 1.16 Find the solution x = p(t) of the differential equation

d*x dx .
ﬁ+25+2x:—5smt, teR,

for which ¢(0) =0 and ¢'(0) = 1.
A. Linear inhomogeneous differential equation of second order and of constant coefficients.
D. Solve the characteristic equation and put = = ¢ - e*.

I. The characteristic equation R? + 2R + 2 = 0 has the roots R = —1 #+ 4, so the complete solution of
the homogeneous equation is

cre b cost + coe tsint, c1,c0 €R, teR.

If x = c- e’ is put into the left hand side of the equation, we get

d? d , ,

de +2 d—f 420 = c(—1+ 2 + 1)e't = (1 + 2i)e™,

. . 7t 5 . .
which is equal to —5e" for c = ——— = —1 + 2i. Hence we insert

142
x = Im{(—1+ 2i)(cost + i sint)} = 2cost — sint,
from which we get Im{—5e?} = —5sint, and the complete solution is

@(t) = 2cost —sint + cie " cost + cae sint, ci,c0 €R, teR,

Download free books at BookBooN.com
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S0
@' (t) = —cost — 2sint + (—cy + ca)e " cost + (—c1 — co)e sint.
It follows from the initial conditions that

»(0)=0=2+¢, dvs. ¢ = -2,
P'(0)=1=-1—c1+cy, dvs. c2=0.

Thus, the wanted solution is

¢(t) = 2cost —sint — 2e " cost.
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Example 1.17 Find a solution of each of the differential equations below:

1)

2)

3)

d%x dx

— —3_—_+42x=et teR.

g terTe e

>z dxr

— —3—+2z=1+¢t teR.

72 3dt+ T +t,te

Pz dx

—— 3 -4 2x=et4+1+4+t teR.
a2 dt+ r=e "+1+1,te

. On the left hand side we have the same linear differential operator of second order and of constant

coefficients. Notice that it is the same differential operator as in Example 1.3, Example 1.7 and
Example 1.14.

The three right hand sides are different, though (3) is obtained by an addition of (1) and (2), so
we can get a solution of (3) by superposition.

. In all three cases we are only requested to give one solution. Start by solving the characteris-

tic equation, and then give the complete solution of the homogeneous equation. Finally, guess
systematically a particular solution.

I. The characteristic polynomial R? —3R+2 = (R —1)(R —2) has the simple roots R = 1 and R = 2,

so the complete solution of the homogeneous equation is

cret + C2€2t, c1,c0 €R, teR.

1) When we put & = ¢ e~! into the left hand side of the equation, we get

d? d
Ef —3d—f +22=c(1+3+2)e ' =6cct=¢""
1 .
for ¢ = 5 The complete solution is
1
x:667t+clet+0262t, c1,c0 €R, teR.

2) When we put = at + b into the left hand side of the equation, we get

2x _d
Fff—3d—”lf+2x:—3a+2at+2b=2ms+(2b—3a),

1 5
which is equal to 1 + ¢ for a = 3 and b = 1 The complete solution is

1 5
mzat—&—z—l—clet—i—@e%, c,c0 €R, teR.

3) Due to the linearity and the results of (1) and (2) we immediately get the complete solution

1 5 1
z:§t+1+667t+clet+0262t, c1,c0 €ER, teR.
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Example 1.18 Find a solution of each of the differential equations below:

1)

2)

3)

d? d

d—tf +4_di +8x =e*cos2t, t € R.

d? d

de—i-zLd—gtc—i—Sx:cost, teR.

d? d
Wf+4d—?+8x:262t0052t—3008t, t e R.

. Linear inhomogeneous differential equation of second order and of constant coefficients. The same

homogeneous equation. Only one solution is wanted in each case.

. Even if it is not requested, we shall nevertheless find the complete solution of the homogeneous

equation. Then:

1) Put = c- 29t and take the real part.
2) Put = c- e, and take the real part.

3) Choose some linear combination of the solutions of (1) and (2).

I. The (simple) roots of the characteristic polynomials R? + 4R +8 = (R +2)? + 22 are R = —2 4 2i,

hence the homogeneous equation has the complete solution

cre 2t cos 2t + coe 2t sin 2t, c1,c0 €ER, teR.
1) If we put
o= . o220t _ o 201+

into the left hand side of the equation, we get
d’*z dx

W+4E +8x = 6{22(1+Z~)2+4,2(1+Z‘)+8}6(2+2i)t
= c{4i+8+4i+8}ePT2t = 8¢(2 i) e2H2)
‘ol 2(144)t 11 2—14 o
which is equal to e for ¢ = = . Thus, a solution is

8 244 40

1 ; 1
a2t 2t .
Re{40 (2—1d)e } 0 ¢ {2 cos 2t + sin 2t}.

2) When we put z = c- e’ into the left hand side of the equation, we get

d? d ; ;
Ef +4 d—f + 8z = (=1 + 4i + 8)e™ = (T + 4i)e™,
1

hich is 1 to e fi = =
which is equal to €* for ¢ = 7= =

(7 — 4i). Hence a solution is

1 . 1
Re{@ (741')3”} =& {7cost+4sint}.
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3) Since 2e%! cos 2t — 3cost is equal to two times the right hand side of (1) minus three times the
right hand side of (2), it follows from the linearity that a solution is given by

1 3
20 e* {2cos 2t +sin 2t} — T {7cost +4sint}.

In all three cases we obtain the complete solution by adding all solutions of the homogeneous
equation to the particular solution.

Example 1.19 Find the complete solution of the differential equation
d*z 3 dx
dt? dt

A. Linear inhomogeneous differential of second order and of constant coefficients.

— 4z = —sint+e* +1, teR.

D. Find the roots of the characteristic polynomial and thus find the complete solution of the homo-
geneous equation. Then guess systematically a particular solution of the inhomogeneous equation,
and finally use superposition.

I. The characteristic polynomial R?> — 3R — 4 has the roots

R=} (3evarT iy = a5 ={ |

)

)

hence the homogeneous equation has the complete solution
cre”t 4+ coe, c1,c0 €R, teR.

If we put « = c- e”, we get

d? d , ,
Ff ~3 d—f —dz = c(—1 — 3i — 4)e’t = ¢(—5 — 3i)e™,
which is equal to —e® for ¢ = ! = i Si. We therefore obtain the result —sint = Im(—e®)
5+ 3i 34

for

5—31 1
x = Im{ Z-e”}:3—4{5si1r11f—3cost}.

34
If we put = = c- €2, we get
d? d
Wf _3d—3t; —dz =c(4—3-2—4)e* = —6ce*" = ¥

1 1
for ¢ = 5 We obtain the result et for z = 5 e’t.

1
If we put z = —p e get the result 1.

From the linearity we conclude that the complete solution is given by

1 1 1
31 {5sint — 3cost} — 66% ~1 +eie et teR,

where ¢1, co € R are arbitrary constants.
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Example 1.20 Consider a differential equation

d*x  dx

— 4+ _6r=gq(t), teR.

i T Sr=a0
Prove that there for any given numbers a, b € R exists precisely one solution x = ¢(t) of the differential
equation, for which ©(0) = a and p(1) = b.

A. Boundary value problem for a linear inhomogeneous differential equation of second order and of
constant coefficients, where the right hand side has not been specified.

D. Find the complete solution of the homogeneous equation and apply the structure of the set of
solutions. Finally, show that the solution is uniquely determined by the conditions.

I. The characteristic equation R? + R — 6 = 0 has the simple roots R = 2 and R = —3. Let ¢o(t) be
any particular solution of the inhomogeneous equation. Then the complete solution is given by

o(t) = po(t) + cre® 4 coe ™3, ci,co€R, teR.
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Then insert the boundary conditions (this only means that we shall insert different values of ¢,
here t =0 and t = 1),

©(0) = a=p0)+c1 + ca,

(1) 0(1) + c1e? + ege ™3,
From these equations we get the following system of linear equations for the constants ¢; and cg,
{ e2c; + eBca = b— (),
c1 + 2 = a—p(0).
Since
612 613 =e? -3 #0,

we conclude that to any given constants a, b € R there is one and only one solution (c1,c) € R?,
and the claim is proved.

Example 1.21 Consider a differential equation

d’z dx
— —4— +5x =q(t), te R
gz~ e a)
Prove that for any given constants a, b € R there exists precisely one solution © = ¢(t) of the

differential equation, for which ¢(0) = a and p(1) =b.

A. Boundary value problem for a linear inhomogeneous differential equation of second order and of
constant coefficients, where the right hand side has not been specified.

D. Find the roots of the characteristic polynomial and apply the structure of the complete solution.
Then insert the boundary conditions and prove that the solution is unique.

I. The characteristic polynomial R? — 4R + 5 has the two simple roots 2 4-i. Therefore, if (g (t) is
any particular solution, then the complete solution of the inhomogeneous differential equation is
given by

w(t) = wolt) + cre®t cost + coe®tsint, c1,c0 €R, teR.
When we apply the boundary conditions we get the equations
©(0) = a = o(0) + ¢y, dvs. c1 = a — ¢o(0),
and
(1) = b= (0) + cre? cos 1 + coe?sin 1.
Now, e?sin1 # 0, so we get

1
e2sinl

Cy = {b— (1) — {a—¢o(0)}e*cos 1},

and both ¢; and ¢ are uniquely determined by the conditions, and the claim is proved.
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Example 1.22 Consider the differential equation

Lo do

p7D 7t + 5z = cost, teR.

Let a and b be two real numbers. How many solutions x = ¢(t) of the differential equation satisfy

©(0) =a and p(27) = b?

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Start by finding the roots of the characteristic polynomial, and find the complete solution of the
homogeneous equation. Since cost = Re e*, we first guess (in a complex form) of a particular
solution of the form z = c-e'. Finally, we apply the boundary conditions on the complete solution

and analyze.

I. The characteristic polynomial R? — 4R + 5 has the simple roots R = 2 £, hence the homogeneous

equation has the complete solution

c1 et cost + 0262t sint.

If we put « = c- e into the left hand side of the equation we get

d? d .
E§—43§+5r=d—1—y+ﬁk”:441—@&2
D " 1 1
which is equal to e" for ¢ = - -
4 1—3

1 : 1 1
Re{g (1 +1’)6”} =3 cost — 3 sint.

The complete solution is

1

1
p(t) = = cost — 3 sint 4 e cost + cpe®! sint.

8

From the given boundary value condition follows that

1 1
0(0)=a= 2 +c, e(2m) = b= = 4+ c1e'".

8 8

This gives
1 1
clzafg og cle4ﬂ<b—>.

Here we have two possibilities:

1 1
1) Ifa—g # e 4T (b—g),i.e.

1
efa b+ g{e47r — 1},

then there is no solution.

1
=3 (1 +4). Thus, a particular solution is

24
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1
2) If instead e*™a = b + g{e‘“r — 1}, then

ecd (D)

and we can choose ¢y arbitrarily, and we conclude that we have infinitely many solutions.

Example 1.23 Find the complete solution of the differential equation

d*z dx
— 4+ 4 — + 4z = sin 2t, t e R.
dt? dt
A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. The characteristic polynomial R? + 4R + 4 = (R + 2)? has the double root R = —2, hence the
complete solution of the corresponding homogeneous equation is

cre 2 4 cote™ 2, c1,c0 €R, teR.
If we put = ae?" into the left hand side of the equation, then

a{(20)’+4-2i+4} ¥ =a-8i- ™,

which is equal to e? for o = —%. A particular solution of the original equation is
- 1
Im{—Leith — 2 cosot.
8 8
The complete solution is
1
T = —3 cos 2t + cre 2 4 cztefzt, c1,c0 €ER, teR.
ALTERNATIVELY we may guess on a real solution as a linear combination of cos?2t and sin 2t. If
so, then
r = a cos2t—+ b sin2t, 4dr = 4a cos2t + 4b sin 2t,
d d
—f — 2D cos2t — 2a sin 2t, 4 —;” —  8b cos2t — 8a sin 2t,
dgx . dgx .
—— = —4a cos 2t — 4b sin 2t, —— = —4a cos2t — 4b sin 2t.
dt? dt?

It follows from the right hand column by an addition that

d? d
EZ +4d_9tc + 42 = 8b cos 2t — 8a sin 2t.
. . . 1 . .o 1
This is equal to sin 2t, if a = —3 and b = 0, thus a particular solution is —3 cos 2t.

The complete solution is

1
T=-3 cos 2t + cre 2t + cote ™2, 1,0 €R, teR.
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Example 1.24 Given the differential equation

d*x dz .9
W—FZ%—szsm t, teR.

1) Prove that this differential equation does not have a solution of the form
z(t) = A-cos®t + B -sin’t, teR,
where A and B are real constants.

2) Then find by a better guess a solution of the differential equation.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial. Insert the function above and show that it cannot
be a solution. Then re-write sin®¢ by a trigonometric formula and find a better guess.

I. The characteristic polynomial R? + 2R + 1 = (R + 1)? has the double root R = —1, so the
homogeneous equation has the complete solution

cre”t + eote?, c,c0 €R, teR.

o
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)

If we put z(t) = A sin®t + B cos?t, then

2(A—B){cos® t—sin? t} +4(A—B) sint cost+ A sin’*t+ B cos? t

d d?

d_j =2(A — B)sint cost, Ef =2(A— B){cos’t —sin®t},
which by insertion

d2—x +2 dx +z =

di? dt B

= (2B—A)sin®t4+4(A—B)sintcost+(2A—B) cos® t.

If this should be equal to sin® ¢, then we must have

2B—A=1, A-B=0, 24—B=0,

thus A = B = 2B, or A = B = 0, while also 2B — A = 1. These two conditions cannot be

fulfilled at the same time, so the guess is wrong.

1 1
Since sin?t = 373 cos 2t, we try to put

1
z(t) = = + ae®?
2
Then
A’z dx 1 N2 . 2it
W“r2$+l‘ = 5—&-@{(22) +2-22+1}e

1 )
= S +ofdi- 3}e?t

1 1 .. 1
which is equal to 5 5 e? for a{4i — 3} = 3 ie.

B 1
T 3—4i 50

N | =

o (3 + 44).

Hence a solution of the differential equation is given by

1 . 1
Re {% 3+ 41')62”} =50 {3 cos 2t — 4sin 2t}.
The complete solution is

1
x(t) = 0 {3cos2t —4sin2t} +cre” " + cate !, teR,

where ¢1, co € R are arbitrary constants.
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Example 1.25 Find the complete solution of the differential equation

A3z d*z dx

—— 43— 44— — 8z =6ecos 2t, teR.

dt? + dt? * dt

A. Linear inhomogeneous differential equation of third order and of constant coeflicients.
D. Find the roots of the characteristic polynomial; guess a particular solution.

I. It follows immediately the the characteristic polynomial R3 + 3R? 4+ 4R — 8 has the root 1, so we
get the factorization

R*+3R*+4R—-8=(R—1)(R*+4R+8) = (R— 1){(R+2)* + 2*}.
The simple roots are R = 1 and R = —2 + 2i, and the complete solution of the homogeneous
equation is

2

cre! 4 coe 2 cos 2t + e sin 2t, c1,ca,c3€R, teR.

Since 6e! cos 2t = Re{6e(! T2}, we guess a solution of the form z = a e(1+2)? of the equation with
6 (120t on the right hand side.
By insertion we get
d3x d’*z dx
Y S
a e Tt T
= a2 L(1 4+ 20)% 4+ 3(1+20)% + 4(1 + 2i) — 8}
= a2 (1 4 20)%(4 + 2i) + 4(—1 + 2i) }
= a2 (3 4 4i)(4 + 20) — 4 + 8}
—a e {12 -8 — 4 — 6i + 16i + 8i}
= a (=24 + 18i) 120

which is equal to 6 e1T20t for

6 1 —4 -3 4+ 3i

“T Toav18i  —4+3 25 25

Hence we get the solution

4430 qoe| 1 .
Re{ T = 256{4C082t 3sin 2t}.

Thus the complete solution is

4 3
——elcos2t + % etsin 2t + cret 4 cqe?

% t cos 2t + cge 2! sin 2t,

where t € R, and where ¢y, ¢, c3 € R are arbitrary constants.
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ALTERNATIVELY, guess a real linear combination of ef cos 2t and ef sin 2¢. Then we obtain

xr = ae'cos2t+belsin2t,
d
d—f = (a+2b)e’ cos 2t + (—2a + b)e’ sin 2t,
Az t
el {(a +2b) + 2(—2a + b) }e’ cos 2t
+{—2(a + 2b) + (—2a + b) }e' sin 2t
= (—3a+4b)e cos 2t + (—4a — 3b)e’ sin 2t,
d3
KZ = {(—3a+4b) +2(—4a — 3b)}e' cos 2t

+{—2(—3a + 4b) + (—4a — 3b)}e" sin 2t
= (—1la — 2b)e' cos 2t + (2a — 11b)e’ sin 2t.

Then by insertion,

3 2
C;T;C +3 CcllT;E +4 2—:; — 8z
= (—11a — 2b)e’ cos 2t + (2a — 11b)e’ sin 2t
+3(—3a + 4b)e’ cos 2t + 3(—4a — 3b)e’ sin 2t
+4(a + 2b)e’ cos 2t + 4(—2a + b)e’ sin 2t
—8ae’ cos 2t — 8be' sin 2t
= {(-11-9+4—8)a+ (—2+ 12+ 8)b}e’ cos2t
+{(2—-12-8)a+ (=11 —9+4 — 8)b}esin 2t
(—24a + 18b)e’ cos 2t + (—18a — 24b)e’ sin 2t.

This is equal to 6e’ cos 2t, if

{ —24a + 18b = 6, { —da+3b=1,
dvs

—18a — 24b = 0, 3a + 4b = 0,
0= —2 and b= 2. A particular solution is theref
SO a = 25 an = 25 particular solution 18 ererore

4 3
T=—oF el cos 2t + %etsin%,

and the complete solution is

4
= ——elcos2t+ i el sin 2t
25 25

2

+eret + ege % cos 2t + 6367% sin 2t,

where t € R, and ¢, x2, c3 € R are arbitrary constants.
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Example 1.26 1) Show by means of Euler’s formule that
3 1
sin®t = 1 sint — 1 sin 3t.

2) Find the complete solution of the differential equation

d*x dx
ﬁ—6a+9x:3sint—4sin3t, teR.
A. Euler’s formulae; linear inhomogeneous differential equation of second order and of constant coef-
ficients.

D. Insert into Euler’s formulea; find the roots of the characteristic polynomial. Finally, apply (1) to
guess a solution of the inhomogeneous equation in (2).
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I. 1) We get by means of Euler’s formulee,

1. LA . , , ,
sin3 t = {22 (ezt o ezt)} _ 5 {e3zt o 36215 + 36711‘/ o ef?nt}
— 1 1 3it —3it 1 it —1it
= 1 { 5 (e e ") +3 5 (e —e™™)

= Lzt 3 sint
= 4SlIl 4SlIl.

The characteristic polynomial R?—6R+9 = (R—3)? has the double root R = 3, so the corresponding
homogeneous equation has the complete solution

et + czte?’t, c1,c0 €R, teR.

According to (1) the right hand side of the equation is equal to sin 3t. Now, if we put z = o - €3

into the left hand side of the equation, we get
a-(3i —3)%e* = —18ia - €37,

. 1 ]
which is equal to e3% for o = ST 11_8 Then a particular solution is
i

oaa| 1
Im{lge }—180os3t7
which is easily checked. The complete solution is then

1
xZEcos3t+clegt+62te3t7 c,c2€R, teR

Example 1.27 Find the complete solution of the differential equation

(5726—26(3—3;—|—17:1c:2cos3t7 t e R.
A. Linear inhomogeneous differential equation of second order and of constant coefficients.
D. The characteristic polynomial
R*>-2R+17=(R—-1)>+16
has the simple roots R = 1 4 4i, thus the complete solution of the homogeneous equation is
x = cye cosdt + coel sin 4t, c,c0 €R, teR.

If we put = ae®* into the left hand side of the equation, we get

2 d . ,
Ef 9 d—f +172 = a ¥ (=9 — 6i + 17) = a8 — 6i)e3i.

This is equal to 2e3 for
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Thus a particular solution is given by

4437 o 4 3
T = Re{%e?’“} =2 cos3t—% sin 3t.

The complete solution is

4 3
T = % cos 3t — % sin 3t + cye’ cos4t + cpel sindt, t € R,

where ¢1, co € R are arbitrary constants.

Example 1.28 Find the complete solution of the differential equation

d’ dx
W+4E+4x:COSht’ teR.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.
D. Find the roots of the characteristic polynomial; guess a particular solution.

I. The characteristic polynomial R? 4+ 4R + 4 has the double root R = —2, so the corresponding
homogeneous equation has the complete solution

cre 2 4 et e*%, c1,c0 €ER, teR.
If we put * = « cosht + 3 sinh ¢ into the left hand side of the equation, we get

d%x dx .
el +4 I + 4z = (5a + 43) cosht + (4o + 553) sinh ¢.

This is equal to cosht, if and only if

4a+56=0 and ba+ 43 =1,

5 4
so a = — and § = —=. Thus the complete solution is
_ 5 4 —a2t a2t
r = 9 cosht 9 sinht 4+ cie” “" +cote
1
= 1—86t+§e*t+cle*2t+czte*2t, t € R,

where ¢1, co € R are arbitrary constants.
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Example 1.29 Consider the differential equation

d*x dz
ﬁ+a1%+a0$=qw, teR.
Is the following theorem correct or wrong:

o When ty, t1 a and b are given real numbers, where tg # t1, then there is one and only one solution
x=(t), t € R, such that o(tg) = a and p(t1) = b.

A. Boundary value problem.
D. Bet on that this is not a correct statement and construct a counterexample.
I. The equation
d’z
— 4+ =0,
dt? +
has the characteristic polynomial R? + 1, and thus the complete solution

x = cysint + ¢y cost, c,c0 €R, teR.
By choosing t) = 0 and ¢; = 7, and a = b = 0, we get co = 0, while ¢; can be chosen arbitrarily,
i.e. the complete solution of the differential equation is

pe(t) = ¢ sint, ceR,
where

e0)=0 and  po(m) = 0.

Thus, we do not have uniqueness, and the claim is in general wrong. There may, however, exist
special examples in which the claim is right.

Example 1.30 Which kind of function should one guess on as a solution of the differential equation

d*z dz ’
ﬁ'ﬁ‘(l&'ﬁ‘bl’:es, tER,
where s is a constant, independent of t? Under what circumstances will such a guess fail, and what
should one guess instead? What if this second guess also fails?
A. Particular solution by the method of guessing.
D. Insert z = ce® and analyze.
I. The characteristic polynomial is R? + aR + b.

1) If s is not a root of the characteristic polynomial, we guess on ¢ - e*!. Then by insertion

d? d
_dtf +a S—f + bx = 0(52 +as + b)eSt.
1

——— . and
s24+as+b

The assumption assures that s 4 as+b # 0, hence this is equal to e for ¢ =
a particular solution is in this case given by
1

s2+as+b6

st
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2) If s is a root of the characteristic polynomial, we of course get zero by insertion. We must

instead guess on
dx
x=cte’ where i cet + cste,

and

d2
Wf = 2cse’t + cstet.

We get by insertion

d? d
d—t; +a d—f +bx =0+ ace’ + 2sce = c(a + 2s)e.

If s is a simple root of the characteristic polynomial, i.e. 2s 4+ a # 0, then we get the solution

1
T 2s+a

T tet.
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3) If s is a double root of the characteristic polynomial, then also 2s 4+ a = 0, because the double

o a .
root necessarily is —=. In that case we guess instead on x = ct?e®, and we get

dx
T cst?est + 2ctest
and
d2£L' 2,2 st st st
el = cs t7e® + 4deste®™ + 2ce®,

1
hence by insertion, 2ce’! = e*! for ¢ = 3 and a particular solution is

1
— —t2 st.
x 5 e

Example 1.31 Find the complete solution of the differential equation

d*z dx
—— +3— +3x=t>+4t+3 teR.
dt? dt ’
A. Linear differential equation of second order and of constant coefficients.
D. Find the roots of the characteristic polynomial. Then guess systematically on a particular solution.

I. The characteristic polynomial R? + 3R + 3 has the simple roots

Rz%{—Bi\/9—4-4~3}:%{—312’\/5},

so the complete solution of the homogeneous equation is

oo (<) o (571) caemn (<) (21,

Then we guess on & = at? + bt + c as a particular solution. By insertion into the left hand side of
the equation we get

Pr . d
Wf+:>,d—‘7':+3x —  2a+3(2at +b) + 3 (at® + bt + ¢)

= 3at® + (6a + 3b)t + (2a + 3b + 3c).

This is equal to t? + 4t + 3, when

3a =1, 6a+3b=4 and 2a+4 3b+ 3c=3,

1 2 1
SO a = 3’ b= 3 and ¢ = 9 The complete solution is
1 2 1
r = §t2+§t+§+clexp (gt> cos (?t)

3 3
+c2 exp <—§t> sin (§t> , teR, c1,c0€R.
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Example 1.32 Consider the differential equation

& d
(3) Efjuald—fjuaox:o, tER,

where the characteristic equation R?> + a1 R + ag = 0 has two complex roots R = a + i3, 8 # 0 with
the corresponding solutions

©1(t) = e cos Bt, ©a(t) = e sin Bt.

Prove by applying the existence and uniqueness theorem that the functions
x = c11(t) + capa(t), teR, ¢, c€R,

form the complete solution of (3).

A. Linear differential equation of second order and of constant coefficients. A theoretical application
of the existence and uniqueness theorem.

D. Start by recalling the existence and uniqueness theorem.

I. For any given vector (tg, zg, vp) there exists according to the existence and uniqueness theorem one
and only one solution x = ¢(t), such that

p(to) =zo  and  ¢(to) = vo.

In the given example we shall prove that one always can find ¢; and cs, such that this is fulfilled.

It
o(t) = cre™ cos Bt + coe™ sin fit,
then
¢'(t) = e {ae*cospt— e sinft}
+co {a e“sin Bt + B e cos ﬁt} .
Since

et cos 3t e sin Bt
ae®t cos Bt— et sin Bt e sin Bt+Bet cos Gt
B e cosft e sin Gt
T | —Be*sin Bt et cos Bt
= e #£0,

‘ = e2tp (cos2 Bt + sin? Bt)

we can always solve the corresponding system of equations in ¢; and co, when ¢(ty) = xo and
¢ (to) = vp and t =ty are given, hence the solution is uniquely determined.
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Example 1.33 Consider the differential equation

d? d
(4)%+a1d—f+aom=0, t e R,

where the characteristic equation R?+ay R+ ag = 0 has the double root R = r. Thus, at least we have
the solution

e1(t) =€
1) First prove that r = —% ay.
2) Then prove by insertion that
o(t) =te"
is a solution of (4).
3) Prove by an application of the existence and uniqueness theorem that the functions
x = c11(t) + capa(t), teR, ci,c€R,
are the complete solution of (4).

A. Linear differential equation of second order and of constant coefficients, where the characteristic
polynomial has a double root.

D. Write the characteristic polynomial in two ways and compare.

Insert @o(t) and apply the existence and uniqueness theorem.

I. 1) It follows from
R+ @R+ ay = (R—r)2 =R?>-2rR+1r?,

that a1 = —2r and ag = 2, hence

1
r=—=aj.

2
We can now write
A2z

d
(5)W—2rd—j+r2x:0, teR.

2) If we put p2(t) = te™, then

oh(t) = rte™ e,
Oy(t) = riet +2re™,
hence

o (1) — 2r 5 (t) + 172 (t)
=rte™ + 2re™t — 2r?%te" — 2re”t +r2te™ =0,

and we have proved that ¢o(t) = te" is a solution.
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3) Then let
= @(t) = c11(t) + capa(t) = cre™ + cote™.

We shall prove that if ¢(tg) = z¢ and ¢'(tg) = v, then ¢; and ¢z are unique, and the rest
follows from the existence and uniqueness theorem.

It follows from
O'(t) =cire™ + e (1 +rt)e™,
that

016”0 + cztoe”‘) = gﬁo(to) = Xy,
crr e + o (1 + rtg)etto = ¢l (ty) = vo,

i.e.

c1 + toco = xge ",
reip + (1 +rtg)ca = wvpe "o,
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This linear system of equations has a unique solution, if and only if the corresponding deter-
minant is different form 0. The determinant is

1

r ].-I—T'to =1+Tt0—7“t0:17é0,

and we see that the condition is fulfilled.

REMARK 1. Notice that

ci = (L+rtg)zoe " — rtguge "
= e " {xg +rtg(zg —vo)},

co voe " — pge "t
= e " {vg—raz0}. O

REMARK 2. “Vielgeschrei und wenig Wolle!”, sagte der Teufel, als er seine Sau beschor! An
ALTERNATIVE method is the following:

The differential equation

d2

ey _
dt?

can be solved by two successive integrations, so the complete solution is

Yy = c1 + caot, where ¢1, co € R are arbitrary constants.

If we put y = z e~ ", then it follows that the equation

d?y d’ze " d (dx
6 - J — -z = ot —rt
(6) 72 dt? dt{dt cooTree }
d*x dx
— —rt el ) Yl 2 —
e {dt2 U +riz 0,

has the complete solution y = x e~ = ¢; + cat, i.e. = cre” + cote”, using that e~ #£ 0 for all
t € R. This means that the differential equation

d*z dx 9
W_QTE_FT x =0,

has the complete solution
x=cret 4 cote, teR, ci,c0€R.

This proof applies the more basic fact that integrals of continuous functions are uniquely deter-
mined apart from an arbitrary constant. ¢
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Example 1.34 1) Prove that the differential equation

d*x dx
(7)W—SE+2!I}:€t7 tER,

does not have a solution of the form x = c-e', and that (7) has a solution of the form x = c-te’,
teR.

2) Prove that the differential equation

d? d
©F 2t o en

does not have a solution of the form x = c-e' or of the form ¢ = c-tet, and that (8) has a solution
of the form x = c - t%e', t € R.
3) Prove the following

THEOREM. Consider the differential equation

d? d
(Q)E;E—Fald—f%-aox:et, t € R,

and its corresponding characteristic equation
R>+a1R+ap=0.

a) If R =1 is a root in the characteristic equation, then (9) does not have a solution of the form
t
r=c-e,teR.

b) If R =1 is a simple root in the characteristic equation, then (9) has a solution of the form
z=c-tet, t cR.

¢) If R =1 is a double root in the characteristic equation, then (9) has a solution of the form
x=c-t%, t € R.

A. Linear differential equation of second order and of constant coefficients with a guideline.

D. Insert the given functions into (1) and (2). Then, we generalize in (3).

I. 1) The characteristic equation
R*>-3R+2=(R—-1)(R-2)

has the roots R =1 and R = 2, so the corresponding homogeneous equation has the complete
solution

cret + cze%, teR, c¢1,co€R.

In particular, c;e! is mapped into 0 by the differential operator, so c- e

solution.

cannot be a particular

If we choose = = c - tel, then

d d
d—f =ctel +ce' og Wf =cte' +2ce’.
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By insertion into the left hand side of the equation we get

d? d
?f —Sd—gtc—l—Qx = {ctet—&—cht} —3{ctet+cet}+2ctet
= c(1-3+2)te" +c(2—3)e! = —cel,
which is equal to e! for ¢ = —1, and zq(t) = —te' is a particular solution.

2) The characteristic polynomial
R*-2R+1=(R-1)?
has the double root R = 1, thus the homogeneous equation has the complete solution
x=ce +cotel, teR, c¢1,co€R.

In particular, ciet and cot et are always mapped into 0 by this differential operator, and these

functions are never solutions of the inhomogeneous equation.
If £ = ¢ t?et, then

d
o _ ct?el + 2¢tel,

dt
and
d*x 2 ¢ t t
el =cte"+4cte +2ce".
We get by insertion into the left hand side of the equation
%—2%—1—:3 = (ct2+4ct+2c)et—2(ct2+20t)et+ct26t

= c(1-2+1D)t%" +c(d—4)te' +2ce’ =2ce’.

1
This is equal to e for ¢ = 3 hence a particular solution is given by

3) a) If R =11is aroot of the characteristic equation, then c-e! is a solution of the corresponding
homogeneous. Therefore, it never can be a solution of the inhomogeneous equation, if the
right hand side is # 0.

b) If the characteristic polynomial is

R*+aiR+ap=(R—1)(R — ayp), ap # 1,

then a1 = —1 — ag. If we put = = cte?, then we get
2
z—i:ctet—i—cet, E;E:ctet+2cet.
Then by insertion into the left hand side of the equation
d*x dx
Pl + a1 a +apx
d*z

dx
= W—(ao—l—l)g—l—aox

= c(t+2)e' — (ag + De(t + 1)e’ +apct e
= c{l—(ap+1)+ap}te' +c(2—ag—1)e" =c(1 —ag)e.
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Since ag # 1, this expression is equal to e’ for ¢ = , hence a particular solution is

given by

1
=

= tel
1—(10 ’

and the claim is proved.
¢) If R =1 is a double root, then

dz—x-l-ad—m-l-aaz—@— d—m-l-x—et
arz g T T g2 dt T

We have already treated this equation in (2), so we get immediately the result.
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Example 1.35 (1) Find the complete solution of the differential equation

d’u
ap T
where (r,0) are the polar coordinates, and w = 1/r. Prove that r as a function of 0 is given by
1
(10) r

- K 4 c1cosf + cysinf’

We shall in the following only consider the case co = 0. It can be proved that this can also be achieved
by choosing the coordinate system properly. We shall now identify the curves which are described by
the equation (10). We shall assume that K > 0. Put

C1
e= —.

K

(2) Prove that if |e| < 1, then the rectangular coordinates (xz,y) of the planet satisfy an equation of
the form

where a, b and c are constants.

What is this curve called?

(8) What is the equation in rectangular coordinates in case of |e| =12

And what is the name of the corresponding curve?
(4) Finally, find the equation in rectangular coordinates and the type of the curves in case of |e| > 1.

A. Linear differential equation of second order and of constant coefficients. Conic sections. There are
given some guidelines.

D. Follow the guidelines.
I. 1) The equation

du

g Tu= K

has the characteristic polynomial R? + 1 with the complex conjugated simple roots +i. The
corresponding homogeneous equation has the complete solution

c1cosf + cosiné,
where ¢1, co € R are arbitrary constants.
We see that uw = K is a trivial solution, so the complete solution is given by

u(0) = K + ¢1 cos + co sin 6.

1
From u = — we get
r

1
K +c1cos0+cosing’

r
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which is defined whenever the denominator is positive, using the assumption that r > 0.

We then prove that we always can choose co = 0. We have according to the addition formulae,
c c
c1cosf +casind = /2 +c3- —L cosf+ ————— sinf
VeE+ 3 ¢l +c3
\/ 3+ c3 - cos( — ),

C2

where ¢ is given by

C1 .
COS Y = ———, SIN Y = ————,
A+ A +c3

because

C1 C2
Va+a Vea+ag

for (c1,c2) # (0,0) is a unit vector and thus represents the angle .

0.5

B 05 05 1
i !

0.5

Figure 2: The unit vector determined by the direction (cq,¢3), i.e. by the angle ¢.

Then choose the polar coordinate system in such a way that ¢ = 0 or ¢ = w. Then write ¢
¢
instead of £1/c¢f + ¢3, where we choose the minus sign, if ¢ = 7, and choose K > 0 and e = El

Then we get the following

I 1
" K+4ccos K 1+ecost’

r

where the excentricity e must not be confused with the number e.
2) Assume that |e¢| < 1. Then 1+ e cos@ > 0 for all . Then, by the above,

1
}:r(l—ﬁ—ecosﬂ):r—f—ercosﬂz 2 +y?te-x,

thus

1
\/x2+y2=E—e~x (>0),
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and hence by a squaring,

1 2e
(11) 22 + 4% = 7o ?I+62$2.

Then a rearrangement gives

2e 1
2\ 2 2 _
(1-e)a®+ a4y’ = 7
hence by division by 1 — €2 > 0 and addition of some convenient term,

e

1 e 1\’ 1,
e g \i—e ) 1

1 1 e 1?2
= 4 — = ,
1—e2 K2 1—e2 K

which immediately is reduced to

22 +2-

e 1) ¥ 1
(12) (“ﬁf) *W_ez)z—(l_ea)?m’

or
2
(m+a)2+:z—2=c2
where
e 1 1
=% = p=v1-¢ and c=—— .
“Tile K A R e

This equation describes an ellipse with half axes

1 1
c=———— and bc=

(1-e)K KV1—eé?
When e = +1, it follows from (11) that

1 2e 9
kR T
which is reduced to the parabolic equation
e 1 9
When |e| > 1 and 1+ e cosf # 0, if follows from (11) that

2 1
(1—62)x2+K—62x+y2:ﬁ,

x2+y2=

which is reduced like in (2), only with the modification that we here have 1 — e? < 0 instead,

i.e. e2—1>0. Thus [cf. (12)]

( e 1 )2 y? 1
T — -] - = ,
2—-1K (VeZ=1)® (2—-1)°K?

which is the equation of a hyperbola.
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Example 1.36 Find the complete solution of the differential equation

d*z dx _at
W+8%+15JJ:€ s teR.

A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic equation and then find the solutions of the homogeneous
equation. A particular solution can either be found by guessing or by the solution formula.

I. The characteristic equation
R*+8R+15=(R+3)(R+5) =0

has the two simple roots R = —3 and R = —5. Thus, the complete solution of the homogeneous
equation is

- B
z =cre 3 + coe” c1,c0 €R, teR.

There are here two main variants of finding a particular solution.
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1. Guessing. The right hand side ¢(t) = e~*! is an exponential, which is not a solution of the
corresponding homogeneous equation. We therefore guess on a solution of the form = = a e ™.
By insertion into the left hand side of the differential equation we get

d? d

Ef + 8 d—f + 15z =16ae % —32ae " + 15ae ™ = —ae ¥,
which is equal to e=#* for a = —1. Thus the complete solution is

r=—e e+ cze*‘%, c1,c0 €ER, teR.

2. Solution formula for linear equation of constant coefficients. Let o and 3 be the two

(possibly equal) roots of the characteristic equation, and let ¢(¢) be the right hand side of the
normed differential equation of second order. Then

x = eat/e(ﬁf“l”h“)t {/eﬁtq(t) dt} dt.

We have two variants:

1) Choosing a = —3 (and thus 8 = —5) and q(t) = e~ * we get

r = e_gt/e(_5+3)t {/e5t ceH dt} dt = e_gt/e_zt {/et dt} dt

_ 67315/67% cetdt= e et} = —emH,
2) Choosing o = —5 (and thus 8 = —3) and ¢(t) = e~*" we get

r = e*5t/6(73+5)t {/egt et dt}dt = e*‘r’t/ezt {/et dt} dt
€—5t/€2t [—etbdt=—e 5. et = —eH.

In both cases we obtain the complete solution

r=—e e+ 0267575, c1,c0 €R, teR.

Example 1.37 Find the complete solution of the differential equation

A’z 12 dx L 8 of fER
— — — — + -z =cos .

a2 5 dt 5 ’
A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Find the roots of the characteristic polynomial. Guess a particular solution.

I. When we factorize the characteristic polynomial we get

e et ({2 (2 2)

6 2
The roots are A + > so the complete solution of the homogeneous equation is

6 2t 6 . 2t
T = c1 exp 3t cos 5 + co exp gt sin 5 ) teR,
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where ¢; and ¢y € R are arbitrary constants.

The corresponding complex equation is

A’z

daz

By guessing z = ae

P
dt?

This is equal to e for

75 —
12 1+2i

12dse | 8
5 dt

2it
_12ds 8,
5 dt 5

577

2it

a {(2i)2 -

24 ; 12 24 .
ad—4+4 - — gttt =g ——= - i}t
5 5 5 5

12

8

we get by insertion

12 8 ;
= .9 = 24t
5 z+5}e

— (1 + 2i)a ™.

1—-2¢

12

The corresponding solution of the real equation is

Re{-

1 =21 o
12 °

|

1
T Re{(1 — 2i)(cos2t + i sin 2t) }

1 .
—— |COS Smt).
o (cos2t +2 sint)

Hence the complete solution is

1 :
r = —E{cos% + 2 sin 2t}

cevesp (0 )eos (1) esem (B1) s (2), rem
c1 exp 5 cos 3 Co €xXp 5 sin 5 ) ,

where ¢, and ¢y € R are arbitrary constants.

C. Test. If

= ! 2t ! in 2¢
- _- — g
T 5 Cos 5 S ,

then
dx

dt
hence

&

dt?

3

12

5

dx

ar t

8

T
5

1 1
—— cos 2t + G sin 2t,

3

2

A2z
dt?

1 2
= 3 cos 2t + 3 sin 2t,

1 2 4 2
— cos2t 4+ — sin2t + — cos 2t — A sin 2t

3 5

4 .
—— cos2t — — sin 2t

15
cos 2t.

15

15

1
—{(5+12—2)cos2t+ (10 — 6 — 4) sin 2t}
Q.ED.
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We shall omit the test of the solutions of the homogeneous equation.

Example 1.38 Find the complete real solution of the differential equation

d*x  4dv 8 .
— — - — + —x = cost.
at2 5dt 5
A. Linear inhomogeneous differential equation of second order and of constant coefficients.

D. Solve the characteristic equation, and guess a particular solution.

I. The characteristic equation
4 8
R?——R+_-=0
5 + 5

has the roots

Ry /A 40 _2 060
5°V25 25 50 5

Thus, the homogeneous equation has the complete solution

r=ce p<2t> cos<6t) +coe p<2t> sin<6t) teR
=cexp | — = 26Xp | — = | )
5 5 5 5

where ¢1, co € R are arbitrary constants.

The corresponding complex equation is

d*z 4 dz §x:eit.

a2 5dt 5

If we put « = ae®, then we get by insertion,

dQ_x_éd_x §x—a —1—éi—i—§ eit—3_4iae“
2 5dt 57 5 5 5 ’
) 5 3445
hich is 1 to e f = = )
which is equal to €™ for o = o— 3
The corresponding complete solution of the real equation is

r = Re{S—gM e“}

1
=t Re{(3 + 4i)(cost + i sint)}
1
= 5{3 cost —4 sint}.
The complete solution is

1 2t 6t 2t 6t
T = g{3 cost —4 sint} + c¢1 exp (;) COoS <€> + co exp (g> sin <€> , teR,

where ¢; and ¢y € R are arbitrary constants.
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Example 1.39 Find the complete real solution of the differential equation

d*z dz
— +6—+252=0 teR.
T TIE c
A. Linear homogeneous differential equation of second order and of constant coefficients. Cf. also
Example 1.40.

D. Solve the characteristic polynomial.

I. The characteristic polynomial R? + 6R + 25 = (R + 3)? + 42 has the two simple and complex
conjugated roots R = —3 £ 4¢. The complete solution is

3

x = cre 3 cosdt 4 coe 3 sin 4t, c1,c0 €R, teR.
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Example 1.40 Find the complete real solution of the differential equation

d*z dx
ﬁ+6g+25x:cos5t, teR.

A. Linear inhomogeneous differential equation of second order and of constant coefficients. Cf. also
Example 1.39.

D. Solve the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial R?+6R+25 = (R+ 3)% + 42 has the simple and complex conjugated
roots R = —3 4+ 4i. The complete solution of the homogeneous equation is

cre 3t cosdt + coe 3t sin 4¢, c,c0 €R, teR.

If we guess the complex exponential x = c - ", then by insertion,

2 d , .
Ef +6 d—f 4252 = {25 + 5i - 6 + 25} = 30ice,

) 1 )
which is equal to % for ¢ = 30 From cos 5t = Re €, we get the particular solution
i

1 1
T = Re{—_ 65”} =35 sin 5t,

which is easily checked. The complete solution is
1
T = 30 sin 5t + cre 3t cos 4t + coe 3t sin 4t t e R,

where c¢q, co € R are arbitrary constants.

Example 1.41 Find the complete solution of the differential equation

Az dx

— +4— +5x =cos2t teR.

dt? dt ’
A. Linear inhomogeneous differential equation of second order and of constant coefficients.
D. Find the roots of the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial R?+4R+5 = (R+2)%+1 has the two simple and complex conjugated
roots —2 =+ 4, hence the complete solution of the homogeneous equation is

—2

cie tcost + 62672

tsint, c, 2 €R, teR.

Then guess on the complex exponential z = ¢ - €. By insertion we get

d? d . »
Wf +4 d—f 52 = c{—4+8i + 5}t = (1 + 8i)e2,
S 2t 1 1-8i . L
which is equal to =" for ¢ = - = . Thus, a particular solution is
148 65

1-8i o, 1
Re{wZ 62”} = {cos 2t + 8 sin 2t},
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and the complete solution is
1
T= o {cos 2t + 8 sin2t} + cie * cost + coe”*sint, t € R,

where ¢1, co € R are arbitrary constants.

Example 1.42 Find the complete solution of the differential equation

d*x dz o

A. Linear inhomogeneous differential equation of second order and of constant coefficients.
D. Analyze the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial R? —4R+4 = (R—2)? has the double root R = 2, thus the complete
solution of the homogeneous equation is

cre?t + 02t€2t, c,c0 €R, teR.

We see that the right hand side of the equation is a solution of the homogeneous equation. We
therefore guess on c -t e?. However, this function is also a solution of the homogeneous equation,
so we must change our guess to = ¢ - t2e¢?. Then

d
d—i = 2ct?e® 4 2cte?
and
d*x 2 2t 2t 2t
el = 4ct“e”” + 8cte™ + 2ce”’.

1
By insertion we obtain the result 2ce?’, so the wanted solution is obtained by choosing ¢ = 5
the complete solution is

1
r=3 t2e?t + et + cote™, 1,0 €R, teR.
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2 Linear differential equations of higher order and of constant
coefficients

Example 2.1 Solve the following differential equations
Pz d*x  dx

) -+
dt3  dt dt

d*x
2) Wﬁ-zf:o,tER.

—x=0,teR.

A. Homogeneous linear differential equation of constant coefficients of third and fourth order, resp..
D. Find the roots of the characteristic polynomial.

I. 1) The characteristic polynomial
RP—R*+R—-1=(R-1)(R*+1)
has the three simple roots 1 and +i. Hence the complete solution is
= cie’ 4 cycost + cgsint, c1,c0,c3 €R, teR.

2) The characteristic polynomial R* + 1 has the four simple roots

1 o1
iﬁ +1 ﬁ’
all four combinations of the signs: Hence, the complete solution is
r = cpexp <it> cosit—i—chxp (it) sini
V2 V2 V2 V2
1 1 1 o1
+c3 exp (—E t) cos E t + cq exp (75 t) sin ﬁ t,

where t € R, and ¢q, co, c3, ¢4 € R are arbitrary constants.

Example 2.2 Solve the following differential equations
Px d?z dx

) 8T 38T 3% R.

) TS 343 —a =0, e
d*z d2x

9) L2 9%t L0, teR.

) i T iaE e

A. Homogeneous linear differential equations of constant coefficients of third and fourth order, resp..

D. Find the roots of the characteristic polynomials and thus the structure of the solutions. Finally,
find the complete solution

I. 1) The characteristic polynomial R® —3R%2 +3R —1= (R —1)3 has R =1 as a treble root. Thus
the complete solution is

x:clet+02tet+03t2et, c1, 2,3 €R, teR.
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2) The characteristic polynomial R* + 2r? + 1 = (R? + 1)? has R = 4 as double roots. The

complete solution is

x)eq cost + cosint + cstcost + cat sint,

where ¢1, co, c3, ¢4 € R are arbitrary constants, and t € R.

Example 2.3 Solve the following differential equations

d*z Pz dx

1) — 4+ 2 _p=0,teR.
il il ik

dSx d*x d%x
2) =2 49— 4924— " 4162 =0, t € R.
)dt6+ dt4+ dt2+ v A

A. Homogeneous linear differential equations of constant coefficients of order four and six, resp..

D. Find the roots of the characteristic polynomials.
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I. 1) The characteristic polynomial
R4R-—R-1=R+1DR-1)=R+1DR-1D(R>+R+1)
V3

1
has the simple roots +1 and —5 +1 5 thus the complete solution is

1 3 1 3
T = clet + C2€_t + c3 exp (—5 t) cos %t + cqexp (—5) sin % t,

where c¢q, co, c3, ¢4 € R are arbitrary constants, and ¢t € R.
2) The characteristic polynomial RS 4+ 9R* + 24R? + 16 can be considered as an equation in the
new variable U = R?. We see that R? + 1 is a divisor. Then we get the factorization
R® 4+ 9R* + 24R? +16 = (R? + 1)(R* + 8R? + 16) = (R* + 1)(R? + 4)%.
Thus the complex roots are +i (simple roots) and +2i (double roots). The complete solution
is
T = c1cost+ cosint + c3 cos 2t + ¢4 8in 2t + c5t cos 2t + cgt sin 2t

where ¢y, co, c3, c4, C5, cg € R are arbitrary constants, and ¢ € R.

Example 2.4 Find a particular solution of the differential equation

3z d*z dx :
ﬁ-i-?)ﬁ—%-?)%-l-x:e cos 2t, teR.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. We shall
only find a particular solution. The example is almost the same as Example 2.8, so we also refer
to this example.

D. Guess a complex exponential z = ¢ - e(1120t,

Although it is not required, we shall nevertheless also solve the homogeneous equation.

I. If we put = = ¢- e T29 into the left hand side of the equation, we get

Ta gl g
as "7 ae dt

= c{(142i) +3(1 +2i)% + 3(1 + 2i) + 1} 1 +20!
{1+ (14 20) 220 = g¢(1 +4)3 20t

=8¢ 2i(1 + Z’)e(1+2i)t =16(—1+ i)ce(wzi)t_

. 1 1 —1—1
This is equal to e(120? for ¢ = — . - = Z, so a solution of the corresponding real
16 —1+4+1 32

equation is

—1—4 ; 1 1 1
(1429t L t 20t _ _
Re{—32 e } 33 € Re{(l—i—z } e sin 2t —326 cos 2t.
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REMARK. The characteristic polynomial R?+3R?+3R+1 = (R+1)? has the treble root R = —1,
hence the complete solution of the homogeneous equation is

cre b+ eote™t 4+ 03t2€_t7 c1,c2,c3 €R, teR.

Then the complete solution of the original inhomogeneous equation is
T = i el sin 2t — i et cos2t + cre t + eote t + C3t2€_t
32 32 ’

where c1, co, cs € R are arbitrary constants, and ¢ € R.

Example 2.5 Given for the differential equation

dx + d*x + dz + (t) teR

—dtay—5+a— +agxr =

dt?’ 2 dt2 1 dt 0 q ) )
that the functions

et —efcost and et +3e”t

are both solutions. Find the complete solution of the corresponding homogeneous equation.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. The con-
stants and the right hand side are not known; but we are given two solutions of the inhomogeneous
equation. Apparently we have got too little information, so the task requires a theoretical analysis.

D. Exploit that the difference between the two solutions is a solution of the corresponding homoge-
neous equation. Insert this difference into the left hand side of the equation and then calculate
the coefficients. When we have found as, a; and ag, then the rest is easy.

The solution below is given in three sections, of which (2) concerning the uniqueness is obligatory,
and where only one of the points (1) concerning the existence is necessary.

I. 1) The difference
= (' +3e7") — (¢! — e cost) = 3e~" + €’ cost,

is a solution of the homogeneous equation, ant the coefficients are constant. This gives us the
idea the the three linearly independent solutions of the homogeneous equation are given by

e !, el cost, elsint,
corresponding to the characteristic polynomial
(R+1)(R—1—i)(R—1+14)=(R+1)(R>-2R+2)=R> - R? +2,
hence to the differential equation

Pz d*x
13) — — —5 + 22 = q(1).
(18) ©F -T2 4w = (1)
First assume that the equation is given by (13). Then we obtain ¢(t) by putting x = e? into
the left hand side of the equation, thus ¢(#) = 2¢!, and the equation becomes

dr  d’z .
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Clearly, the complete solution of (14) is given by
z=¢e" +cie b + cpel cost + czel sint, ci1, co,c3 €R, teR,

and we see that the given solutions e’ — ef cost and e’ + 3e~* are among these. This proves the
existence of such an equation.

2) The uniqueness is far from obvious, since we have only the knowledge of two solutions, and we
shall find three constants and the function ¢(t). Therefore the problem apparently lacks some
information.

It will later turn up that the assumption that the coefficients are constant (they may be complex
in the following), and the information that

e'cost = Re {e(1+i)t}

occurs in the solution actually secures that
e'sint = Im {e(1+i)t}

also must occur in the solution. In fact:

‘We know that

x=3¢""+e'cost =3¢+ Re {e(1+i)t}

is a solution of the homogeneous equation. We shall now see what this means. First we calculate

d _

oo 3ty Re{(1+i)e(1“)t},

dt

2 _

Tr = 34 Re{( )

a3 ,

Wf = 3t 4 Re{(1+i)36(1“)t},
thus by insertion

Bo o Px o

aes " g T

=-3¢"'+ Re {Qi(l + i)e(1+i)t} + az {Seft + Re {2i€(1+i)t}}

+a; {—3e_t + Re {(1 + i)e(1+i)t}} + ag {Se_t + Re {e(“i)t}}
= (=34 3as — 3a; +3ag)e” " + 2¢' Re {(—1 + i)e”} + 2ase’ Re {ieit}
+are' Re {(1+14)e} + age’ Re e
=3(ap —ay +az — 1)e”" + 2e'{—cost — sint} + 2aze’{—sint}
+aje'{cost —sint} + agpe’ cost
=3(ap —a; +ay—1)e "
+(—=2+ay +ap)e’ cost + (=2 — 2ay — ay e’ sint,

where we see that the term e sint¢ turns up.
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t

The functions e~?, ef cost and e sint are linearly independent. Therefore, this expression is 0,

if and only if

ap — a1 + ay = 1, 260 — 2a1 + 2002 = 2,
ap + aq = 2, ie. 3apg + 3ap = 0,
a; + 2(12 = —2, — ay — 2@2 = 2.
When we add the latter three equations, we get 5ag = 10, or ag = 2, and then (second equation)
a1 = 0 and ap = —1, and we can now write the equation in the form
dBr Pz

w*ﬁ+21‘:q(t), t € R,

proving the uniqueness.
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3) If we did not start with the very intuitive point (1), then we proceed in the following way:

The corresponding characteristic polynomial

R*—R*+2=(R+1)(R*-2R+2)

has the simple roots R = —1 and R = 1 44, hence the complete solution of the homogeneous

equation is

cre”t + coel cost + cset sint, c1, C2, c3 € R,

Now, ef
equation. This shows that x = e

side of the equation, we obtain

t

$Pr Pz

q():F—W—l—h‘zet—et—i—%t:%t,

and the equation becomes

dr  d’z .
@@ e T

where the complete solution is

et + cle_t + CQet cost + c;;et sint, c1, C2, c3 € R,

Example 2.6 For the differential equation

@—&—a d—2—|—a d—x—&—a x = q(t)
as gy Mgy 0T T D

d*z
— tas

i teR,

we get the information that the functions

cost, cost+2sin2t—cos2t, cost—el +3e!

teR.

— el cost is a solution of the equation, and e’ cost is a solution of the homogeneous
is a particular solution. When it is put into the left hand

teR.

are all solutions. Find the numbers ag, a1, az, az and the function q(t).

A. Linear inhomogeneous differential equation of fourth order and of (unknown) constant coefficients
and an unknown right hand side. We know three solutions of the inhomogeneous equation. Find
the constants and the right hand side. Note that the complete solution is not requested.

D. The difference of any two of the given solutions must be a solution of the corresponding homoge-
neous equation. Insert these solutions and find the coeflicients. Finally we insert one solution in

order to get q(t).

I. It is first seen that the two differences
{cost + 2sin 2t — cos 2t} — cost = 2sin 2t — cos 2t,
and

{cost —e' +3e7"} —cost = —e' + 3e77,

59
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are both solutions of the homogeneous equation. Then a QUALIFIED GUESS is that the characteristic
polynomial must contain the factors R? + 4 (corresponding to cj cos2t + cosin2t) and R? — 1
(corresponding to csze! + c4e™?), thus the characteristic polynomial is probably given by

(R24+1)(R*—1) = R* + 3R> — 4,
corresponding to

d*z d?z

If we insert the solution = = cost, we get in this case
q(t) = cost —3cost — 4 cost = —6 cost.
We may therefore expect that the equation is

d*x d*x
(15) ot +3ﬁ — 4z = —6 cost,

which has the complete solution

cost + ¢y cos 2t + cosin 2t + czel + cue™t, tER,

where c¢q, ¢, c3, ¢4 € R are arbitrary constants.

Notice that (15) clearly satisfies the conditions, so we have at least found one solution.

We shall now prove that the model above is UNIQUE. If we insert a solution of the homogeneous
equation

r = 2sin2t — cos2t,
Z—j = 2sin2t + 4 cos?2t,
cj;T;C = —8sin 2t + 4 cos 2t,
% = —8sin2t — 16 cos 2t,
(j;Tf = 32sin3t — 16 cos 2t,

into the left hand side of the equation, we get

d*z d3x d’x dx
W+G3W+GQW+G1E+GO$
= 32sin2t — 16cos 2t

—8as sin 2t — 16a3 cos 2t

—8as sin 2t + 4as cos 2t

+2a4 sin 2t + 4aq cos 2t

+2aq sin 2t — ag cos 2t

= 2(16—4as—4az+a1+ag)sin2t — (16+16az —4az—4a; +ap) cos 2t.
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Now, sin 2t and cos 2t are linearly independent. Therefore this expression is 0, if and only if

ag + a; — 4(12 - 40,3 = 716,
apg — 4(11 — 4&2 + 16(13 = —16,

Put by = ap — 4as and by = a1 — 4as. Then

b1:a0—4a2:—16, bQ:a1—4a3:O.

Then let
Pz dz
_ t -t _ _
TEe e = e T g
and
dx ' ., d*z
et 3 _ %
dt ¢ c dt3’
from which
do  da b de
ar TP g TR g T gy Th®

d
:(1—}—@2—i—ao)ac—i—(ag—i—al)d—jij

=(1+az+ap)(—e" +3e7") — (az +a1)(e’ +3e7")
—(1+az+ag+az+ar)e’ +3(1+az+ag—az —a)e "

Since ¢! and e~! are linearly independent, this is 0, if and only if

(:[-l—clg-i-(l())—l—(CL?,-i-G,l):07
(1+a2+a0)—(a3+a1):O,

hence
a1 +a3=0 and ag +as = —1.
We shall now only solve the four equations

apg — 40,2 = 716, ayp = 4&37
a + ax = -1 a1 = —as,

from which it is seen that a; = a3 = 0, and —5as = —15, thus as = 3 and ag = —4. Therefore we
get precisely

d*x d*z
— +3—= —4dx=q(t
i T3 g A=),
hence by insertion of the solution & = cost of the inhomogeneous equation we get ¢(t) = —6 cost,

and the equation becomes

d*z d*x
W +3ﬁ —433 = —6COSt,

so we have proved the uniqueness.

Download free books at BookBooN.com

61



Calculus Analyse 1c-5 Linear differential equations of higher order and of constants coefficients

Please click the advert

Example 2.7 Given the complete solution of an inhomogeneous linear differential equation of order
n?

x:clcos2t+czsin2t—|—03+C4t—|—t2, teR.
Find n and the equation.

A. From the information of the complete solution of a linear inhomogeneous equation of unknown
order n, though of constant coefficients, we shall find the order n and reconstruct the differential
equation.

D. First find the characteristic polynomial, and then insert the particular solution.
I. Since we have four arbitrary constants, the order must be n = 4.

t t

Since cos2t = Re e?" and sin2t = Im e?* are solutions of the homogeneous equation, the factor
R? + 4 must occur in the characteristic polynomial.

Since 1 = €% and t = ¢ - € are solutions of the homogeneous equation, we must have the double
root R = 0 in the characteristic polynomial, so R? is also a factor in the polynomial.
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When we collect these things we see that the characteristic polynomial is
(R? 4+ 4)R? = R* + 4R?,

corresponding to the linear differential equation of fourth order and of constant coefficients

diz n d’z — 1)
dtt az ~ 1
Since z = t2 is a solution of the inhomogeneous equation, we must have
d*z d’z
t)=——+4— =8
(t) =g T4 5 =8,
and the equation becomes
d*z . d’z _3g
dtt dt2

Example 2.8 Find the complete solution of the differential equation

d3x d*x dx :

W—l—i’)ﬁ—&-?)g—l—x:e cos 2t, teR.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. This exam-
ple is almost the same as Example 2.4, with the exception here that we also shall find the complete

solution.

D. Find the roots of the characteristic polynomial. Then write the solution of the homogeneous
equation. Finally, guess a complex solution in the form ¢ - e('*29¢ and then take the real part.

I. The characteristic polynomial R® + 3R%? + 3R + 1 = (R + 1) has the treble root R = —1, hence
the complete solution of the homogeneous equation is
cle_t + 02156_75 + C3t2€_t.
If we put z = ¢ - e(!*2)% into the left hand side of the equation, we get
d3x+3d2x+3dx+
. — —+x
dt3 dt? dt
= {1+ (1+2i)}3 020t = 8¢(1 4 )3 (1201
= 16¢(—1 +)e1H20t
which is equal to e(1129* for
1 1+

“T16(-1+1) 32

Thus a particular solution is given by

1414 - 1
= Re {—% e(1+2z)t} =3 e' {sin 2t — cos 2t},
and the complete solution is
1 1
T = 32 e'sin 2t — 3 el cos2t 4+ cre”t + cote ™t 4 cat?e t e R,

where c1, co, c3 € R are arbitrary constants.
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Example 2.9 Find the complete solution of the differential equation

d°x d*z . .
E‘i’l.l%:e +3Sln2t+t, tGR

A. Linear inhomogeneous differential equation of fifth order and of constant coefficients.

D. Find the roots of the characteristic polynomial and set up the solution of the homogeneous equa-
tion. Then guess systematically, where we note that one of the terms on the right hand side is
already a solution of the homogeneous equation.

I. The characteristic polynomial R® +4R* = (R + 4)R* has the simple root R = —4 and the fourfold
root R = 0. Hence the homogeneous equation has the complete solution

c1 + cot + 03152 + et + C5€74t, t eR,

where c¢1, co, 3, ¢4, c5 € R are arbitrary constants.

If we put & = c- €% into the left hand side of the equation, we get

d® d* : .
EZ + Ff = {(20) + (20)*} €2t = 2ic. (20 + 1)e?,
which is equal to 3e*" for ¢ = LA (1 —2i). Since 3sin2t = Im{3e%"}, we obtain the
16 1+2¢ 80 '

result 3sin 2¢, when we choose
3 N 24t 3 .
x= Imq—(1—2i)e = — {sin 2t — 2 cos 2t}.
80 80

If we put = = 1, t, t2, t3 into the left hand side of the equation, we of course get 0. If we instead
put x =c- t4, then we can expect to get a constant, and if we put z =c- t5, we can expect to get
a polynomial of first degree. Therefore, our guess is

x = at® + bt*.

Then by insertion

d*z
w:5-4-3~2at+4~3-2-1b:120at+24b
and
Px
oIE = 120a,
thus
P d*x
ﬁ+ e = 120a + 480at 4+ 96b = 480at + (120a + 96b).
This i ltot,ifa= L d
is is equal to t, i a—480 an
120a + 96b 14—96b 0 i b L
= - = 1.€. = ——.
“ 4 ’ ¢ 384
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The searched solution is
1 1
= - — ¢t
480 384

Finally, the complete solution of the differential equation is

X

1 1 3 3 1
P 2 Gin2t— S cos2h 4 — ¢!
180 “3sal Tgg ST g st e

+c1 + cot + 63t2 +oeat + C4674t, teR,

where ¢y, co, 3, C4, c5 € R are arbitrary constants.

Example 2.10 Consider a differential equation

d*z

it sin(at), teR,

where « is a real number. Find the values of «, for which the differential equation has a solution of
the form

x = acos(at) + bsin(at).

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients. Find the
constant «, such that a given function is a solution.

D. Put z = c¢- e*®* and see when we get a solution. Although it is not required, we shall nevertheless
find the complete solution, just for the practice.

I. If x = c- €' is put into the left hand side of the equation, we get

d4_:1: —r= c{(ia)4 —1}e* =c (a4 —1) e
dt*
When o # +1, then a* — 1 # 0. Thus, if we choose ¢ = PR then we get the result e,
at _

Corresponding to this the solution becomes

1
x:msinat, o+ 1.

When « = +£1, the right hand side sin ot is also a solution of the homogeneous equation, hence a
solution, which is independent of the first one, must contain the additional factor ¢, so it cannot
be of the desired structure.

REMARK. Complete solution. The characteristic polynomial
R —1=R-1)R*+1)=(R-1)(R+1)(R*+1)

has the four simple roots +1 and +i. Hence, if a # +1, the complete solution is

1
T= sinat + ciet 4+ coe™t + c3cost + ey sint, t € R,
o —

where ¢q, co, c3, ¢4 € R are arbitrary constants.
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Example 2.11 Find the complete solution of the differential equation

d'z t+2cos2t, teR
—_ T = COST COS 2T, .
Pz ’

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients.

D. Find the roots of the characteristic polynomial; set up the solution of the homogeneous equation;
finally, guess systematically a particular solution.

I. The characteristic polynomial R* + 1 has the four simple roots

1 )
ﬁ(iliz),

(all four combinations of signs). The complete solution of the homogeneous equation is
(1) (G5t) +re ()= (35)
caexp | —=1t ) cos| — coexp | — |sin| —
"\va V2 ) et )\
e () (G51) +aen () (5
csexp | ——=t ) cos | —= cgexp| ———=t|sin| —t |,
3 p \/i \/é 4 p \/i \/§

c1, Co, C3, c4 € R, t e R.
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If we put x = ¢ cost into the left hand side of the equation. we get

d*z

%—i-x:%-cost,

1 1
which is equal to cost for ¢ = 3 SO0 T = 3 cost gives the result cost.

If we put x = ¢ - cos 2t into the left hand side of the equation, we get

d*z

T + = 0(24—|— 1) cos2t = 17c¢ - cos 2t,

2
which is equal to 2 cos 2t for ¢ = T
When we put all things together we get the complete solution

! t+ 2 2t
3 cos 7 cos

1 1 1 1
+c1 exp <ﬁ t> cos <E t> + co exp <E t> sin <—2 t>
1
c1, Co, C3, ¢4 € R, teR.

Example 2.12 Consider the differential equation

dn—x-i-a Q-ﬁ- +a d—x—i-a x =q(t) teR
den T gt Lige 70t = 4%, '

Find the condition for that any two solutions ¢(t) and ¥(t),

o(t) — () — 0 fort — oc.
A. Find a condition for that all solutions of the homogeneous equation tend to 0 for ¢ — +oo.
D. Find the roots of the characteristic polynomial.

I. By a complex factorization (the fundamental theorem of algebra) we get the characteristic polyno-
mial

R"+a, 1R '+ - +aR+ao=(R—7r)(R—r9)-(R—ry).
If re{ry,...,r,} is a simple root, r = r’ +4r”, then a solution of the homogeneous equation is
et =e"tet = ¢ {cos "t 4 i sinrt}.

Now |ei™"t| = 1, so the condition is e”* — 0 for ¢ — 400, i.e. Re r < 0.
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If r is a multiple root of multiplicity k£ > 1, then we must at least have Re r < 0. Since the solution
corresponding to r is a linear combination of

ert7 tCTt, e tk:—lert7
and since the exponential dominates the power functions, this condition is also sufficient.

The condition is that every root in the characteristic polynomial has negative real part. (This
condition is both necessary and sufficient).

Example 2.13 Consider the differential equation

d*z Pz Pz dzx .
ﬁﬁ-BF—i—lZ& + 19 — 4+ 102 = sin 2t t e R.

dt? dt
Prove that there exists precisely one solution which is periodic of period w, and find this solution.

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients. Find a
periodic solution.

D. Find the roots of the characteristic polynomial. Prove that no solution of the homogeneous
equation is periodic. Finally, find a solution by the complex method.

I. The characteristic polynomial
R*+5R* + 13R* + 19R + 10

is positive for R > 0, so the only possible rationale roots can only be found among the numbers
—1, =2, =5, —10. By trial and error,

R=-1: R*+5R3+13?>4+19R+10=1-5+13—-19+10=0,
R=-2: R*+5R3+13R?+19R+10=16—-40+52—-38+10=0,

proving the R = —1 and R = —2 are roots. Then
(R+1)(R+2)=R*+3R+2

is a divisor in the characteristic polynomial. By division we get
RY'+5R% +13R?> + 19R +1 == (R+ 1)(R + 2)(R* + 2R +5),

and we see that all roots are
R=-1, R=-2  R=-1+2i

These are all simple. Due to the exponential factor, none of the corresponding solutions of the
homogeneous equation (linear combinations of

et e, e7tcos2t, e 'sin2t,)

can be periodic.
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There must exist a solution of the form Im{c . 62“}. Clearly, such a solution is periodic of period
.

If we put & = c- €% into the left hand side of the equation, we get
d*x A3z d’z dx
—+5—-—=+13—+19— 410
ait TP T T T
= {(20)* +5(20) + 13(2i)® + 19 - 2i + 10} €**
= {16 — 40i — 52 + 38i + 10}e*" = ¢ - 2(—13 — i)e*™,

which is equal to e for

1 11 1
2 1344 2 170

(13 —i) =

Thus, the periodic solution is given by

1 Y 1 13 .
xo(t) = Im{% (=13 +i)e? t} =30 cos 2t — 340 sin 2¢.
Example 2.14 Find the complete solution of the differential equation

d*z d3x d’*z
—r—2— —2—— +8t=t"—3t" — 5t +2 teR.
dt* dt? az "t e
A. Linear inhomogeneous differential equation of order 4 and of constant coefficients.

D. Find the roots of the characteristic polynomial; then write down the solution of the homogeneous
equation; finally, guess a particular solution.

I. The possible rational roots of the characteristic polynomial
R* - 2R® —2R*+38

are R = +1, +2, +4 and 48.

Clearly, R = +1 is not a root, because R* — 2R? — 2R? is odd for R = £1. Furthermore, 32 is a
divisor in R* — 2R3 — 2R? when R = 44 or R = 48, so we can also exclude these possibilities.
Therefore, it remains only R = £2. By a calculation

R=2: R*—2R® —2R?+8=16—-16—8+8 =0,
proving that R = 2 is a root. Then by a division by a polynomial we get the factorization
R* —2R® —2R*+8=(R—2)(R* —2R—4) = (R —2)*(R> + 2R + 2),
and we see that the roots are R = 2 (double root) and the two simple roots R = —1 + .
Hence, the complete solution of the homogeneous equation is
clezt + cot e+ 0367t cost + c4e*t sint, tet,

where c¢1, co, c3, ¢4 € R are arbitrary constants.
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Since none of these terms occurs in the right hand side of the equation, we guess a particular
solution of the form of a polynomial of fourth degree. Then we get the calculations:

x = at*+bt3+ct? +dt +e,
d .
d—x = 4at>® + 3bt + 2ct + d,
dfsc 9
ﬁ = 12at + 6bt + 2C,
dgx B b
g? = 24at + 6 s
x
W = 24a.
By insertion,
d* d? d?
- D 2% g

dtt A3 T de?
= Sat*+8bt34-8ct* +-8dt +8e —24at* — 12bt —4c—48at — 12b+24a
Sat + 8bt® + (8¢ — 24a)t? + (8d — 12b — 48a)t + (8e — 4c — 12b + 24a).

www.job.oticon.dk

PEOPLE FIRST

Download free books at BookBooN.com

70


http://bookboon.com/count/pdf/346334/70

Calculus Analyse 1c-5

Linear differential equations of higher order and of constants coefficients

This is equal to t* — 3t? — 5t + 2, if
8a =1, 8b =0, 8¢ —24 = -3,

8d — 12b — 48a = -5, 8e —4c — 12b + 24a = 2,

hence
1
=3 b= Oa = 07
a 3 c
1
8d =120+ 48a — 5 =1, dvs. d:§,
and
1
8e =4c+ 12b — 24a+ 2 = —1, dvs. e:—g.
Thus, the complete solution is
Ly 1 1 2t 2t —t —t
r = gt +§t7§+616 + cote”™ 4 cze " cost 4 cqe” sint,
t e R, C1,y ..., Cq4 ER.

Example 2.15 Consider a differential equation of order n,
d"x A" lx
16) — + ap_1 ———
(16) T + an—1 G dt
with its corresponding characteristic equation
P(R)=R"+a, 1R ' +---4+aR+ag=0.

Prove that

Tt (P(w)>

is a solution of (16), if P(iw) # 0.

dx
+---4+ a3 — + apr = coswt, t € R,

A. Linear inhomogeneous differential equation of order n and of constant coefficients.

D. Solve the equation by the complex method.
I. Assume that P(iw) # 0.

If we put = = c - !, we get

dF ,
—dt’f = c(iw)kezm,
SO
d™z a1z dzx
g T gt o ey aor

= c{(iw)" + ap_1(iw)" '+ +ai(iw) + ag}

= ¢ P(iw)e™".
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. 1
This is equal to e*? for ¢ = ———, hence a solution of (16) is given by
P(iw)
eiwt
= R .
T (P(M))

Example 2.16 Given the polynomial

P(z) = 2" 4 622 + 25, z e C.
1) Find all complex roots of P(z).
2) Calculate the complex number P(1 + ).

3) Find the complete solution of the differential equation

d* d?
Ef_y-éiﬁf—f—%m:etcost, teR.

A. Roots of a polynomial of fourth degree. Computation of a complex number. A linear inhomoge-
neous differential equation of second order and of constant coefficient.

D. The polynomial of degree four is a polynomial of degree two in the new variable w = 22.

The characteristic polynomial is equal to the given polynomial. The roots are given in (1). From
et cost = Re{e!*)*} follows that (2) can be applied when we shall find a particular solution of
the inhomogeneous equation-

I. 1) When w = 2? we get
P(z) = 2* +62% + 25 = w? 4 6w + 25 = (w + 3)* + 16.
Thus, the roots are

w2 T3 AI=142:20 22 = (1420,
T T -3-4i=1-2-2i—22=(1-20)>2,

so we find the four roots
1+ 24, 1—2i, -1+ 24, -1 —2i.
2) By insertion we get
P+4i)=(1+49)* +6(1+i)> +25 = —4 4+ 12 + 25 = 21 + 12i = 3(7 + 4i).
3) According to (1) the roots of the characteristic polynomial are
1+ 24, 1—2i, —1+ 24, -1 —2i.
Then the corresponding homogeneous equation has the complete solution

cret cos 2t + coel sin 2t + cze "t cos 2t + c e~ sin 2¢.
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The corresponding inhomogeneous complex equation is of the form

d*z d*x L)t
W+6W+25x:e( ko teR.

Let us guess on z = a e(1)%. Then by (2),

d* d? ) .
E‘f +6 WZ + 252 = P(1 + i)a et = 3(7 + 4i)a .

This is equal to e+t if

11 1 7—4i 1
== =_. = —(7—4i).
L B A B TR TG

Hence we obtain a particular solution of the complex equation,

1

- — 4 (1+i)t.
To% (7T—4i)e

X

The corresponding solution of the real equation is

1 .
(7 — 44) (10T
Re { 195 (T—4di)e }

€T =
ot
= ﬁRe{(7—4i)(cost+isint)}
ot
= ﬁ{7cost+4sint}.

The complete solution is

= L et cost + i etsint + ¢ret cos 2t
195 195

+eqel sin 2t + ese "t cos 2t + cpe”tsin 2t,

where t € R, and where ¢, co, c3, ¢4 € R are arbitrary constants.

C. Test. If
Tr = Letcost—i— ietsint
195 195 ’
then
d 7T+4 —
d—g; = 1;5 et cost + 195 et sint
= —etcost—ietsint
195 195 ’
and
d2_x = 11_3etcost+ﬂetsint
a2 195 195
= i.et<:ost—£etsin7f
195 195 ’
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and
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and
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Finally, by insertion,

d*z Pz
— +6—5 +25
ar Ve T
= ——etcost—l—Getsint
o 195 195
+ cost 84 sint
— — ——e'sin
To5 ¢ Ot~ g5 ¢
§e cost + @e sint
39
= 5 et cost + —@—&—20 el sint
o 195 195 39
= et cost + —@—1—20 et sint
N 39 39
= ¢elcost. O

We shall not test the solution of the homogeneous equation.

Example 2.17 1) Find the complete solution of the differential equation

d?’z d2x

2) Find the complete solution of the differential equation

d3x d*x
(17) s _2dt2 + 3z =13 cost, teR.

3) Find all solutions x = ¢(t) of (17), for which also ¢(0) = 0.
4) Prove that if x = ¢(t) is a solution of (17), then y = ¢'(t) is a solution of

d3y d?y .
Do we here have a converse, i.e. if y = (t) is a solution of (18), and ¢(t) is an integral of (t),
then © = ¢(t) is a solution of (17)?

A. Linear homogeneous and inhomogeneous differential equation of third order and of constant coef-
ficients.

D. Find the roots of the characteristic polynomial and the complete solution of the homogeneous
equation. Then guess a particular solution. Finally, differentiate (17).

I. 1) The characteristic polynomial

R —2R?*+3 = (R+1)(R*-3R+3)

(R+1) (R 3+2i‘/§> (R 3_2N§>
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has the roots

343 3—iv3
’ 2 2

—1

Thus the complete solution of the homogeneous equation is

3 3 3 3
cle_t + ¢ exp (§ t) cos (% t) + c3exp (5 t) sin (% t> , teR,

where c¢1, c2, c3 € R are arbitrary constants.
The corresponding complex equation is

Bz Pz it
ﬁ - W +3[E = 13e*".

If we guess on = = ae'l, then we get by insertion,

dPr » »
E;E* Ff‘i’gl’:a(is*22‘24’3)6“:0’(571‘)6%7

which is equal to 13¢’ for

13 13(5+4) 541
5—i 5241 2

a =

Thus, a particular solution of (17) is

) 1
5 (cost +1 sint)} =3 {5 cost —sint}.

. Re{5+l

The complete solution of (17) is

5 1. —t
e(t) = —cost—ismt—kcle

2
+co exp (g t) cos (? t) + c3exp (g t> sin (? t> ,

where t € R, and where ¢y, co, c3 € R are arbitrary constants.

If we put t = 0, we get
5 5
90(0)25"‘01 +c2 =0, hence c1=-5—c.
All solutions ¢(t), for which ¢(0) = 0, are then

(t) = §cost—lsint— E4—c et
T 2 2 T

= cgexp (g t> cos (? t> + c3 exp (; t> sin (? t) ,

where t € R, and where ¢z, c¢3 € R are arbitrary constants.
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Then by differentiating (17),
dx A3z dx  dy d?y
Y _9 " — =——2— 43y =—13sint.
at " CaE Car T as a0 o
Use the same reasoning on the equation
A3z d*z

(19) e 2 ) +3x =13cost + ¢, ¢ arbitrary constant,

dx
where y = — of course also is a solution of (18). Therefore, it is not possible to conclude that an

integral of a solution y of (18) is also a solution of (17).

Example 2.18 Find the complete solution of the differential equation

d3
£+8x:c053t7 teR.

A. Linear inhomogeneous differential equation of third order and of constant coefficients. Cf. also
Example 2.19.

D. Solve the characteristic equation and guess a particular solution.

I. The characteristic polynomial

R*+8 = (R+2)(R*-2R+4)
= (R+2)(R—{1+iV3})(R—{1—-iV3})

has the roots —2, 1 +4v/3 and 1 — iv/3, so the complete solution of the homogeneous equation is
cre” 2 4 eget cos(\/gt) + c3el sin(\/gt), teR,
where c¢q, co, c3 € R are arbitrary constants.

The corresponding complex equation is

APz

_ 3it
E + 8x = e”"".
If we put = a e into the left hand side of the equation, we get
d’z N3 3it L 3it
B + 8z = a {(3i)° + 8} ¢ = 8{8 — 27i}e",

which is equal to €3, when
1 8+2m 1
8—27i 824272 793

Thus, a solution of the corresponding real equation is

{8+ 27i}.

a =

1
r = Re {@ (8 +27i)(cos 3t + i sin3t)}
1
793

{8 cos 3t — 27 sin 3t}.
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The complete solution of the original equation is now

L

793{8 cos 3t — 27 sin 3t} + cre 2t

+coel cos(V3t) + esel sin(V/31), t € R,

x =

where ¢1, c2, c3 € R are arbitrary constants.

Example 2.19 1) Find the complete solution of the differential equation

d3x
F+8x=c033t, t e R.

2) How many solutions © = ¢(t) of the differential do also satisfy p(0) =0 and ¢'(0) =17

A. Linear inhomogeneous differential equation of third order and of constant coefficients. The first
question is the same as the first question in Example 2.18.

D. Solve the characteristic equation and then guess a particular solution.
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I. 1) The characteristic polynomial
R3+8 = (R+2)(R>-2R+4)
= (R+2)(R—{1+iV3})(R—{1-iV3})

has the roots —2, 1 +1iv/3 and 1 —iy/3, so the complete solution of the homogeneous equation
is

cre” 2 4 eget cos(\/gt) + cyet sin(\/gt)7 teR,
where ¢1, co, c3 € R are arbitrary constants.

The corresponding complex equation is

d’z 3it
F + 8$ =€ .

If we put « = a e into the left hand side of the equation, we get

d3 . .
0 8r = a {(30)° +8) ¥ = 8(8 - 270},

which is equal to e3% for

1 8+2mi 1
T 8—27i 8 +272 793

a {8+ 27i}.
Then a solution of the corresponding real equation is

T

1 . oo
Re {ﬁ (8 4 271)(cos 3t + i sin 3t)}

1
= ﬁ{S cos 3t — 27 sin 3t}.
The complete solution of the original equation is
1
r = ﬁ{S cos 3t — 27 sin3t} + cre !

+cget cos(V3 1) + czel sin(V/31), teR,
where c¢q, co, c3 € R are arbitrary constants.

2) Since we have two constraints and three arbitrary constants, we must have an infinity of
solutions. Now,

1
x = ﬁ{8 cos 3t — 27 sin 3t} + cre” 2 + cge’ cos(V31t) + czel sin(V3t),

SO
dx 1

axr - _ _ Cod _ —2t
o 793{ 81 cos 3t — 24 sin 2t} — 2cie
+(ca + e3V/3)et cos(V31t) + (—caV/3 + ¢3)el sin(V31).

If we put ¢t = 0, then

8 81
0)=0= s +c1+ (0)=1=—c5 —2c+e+e3v3
#(0) 3 Tt 20 73 2t etV
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8
hence ¢; = o3 co and
I=—Sh 20t ety = — o+ 3+
703 AT TG T Ty Ty TR T
SO
81 16 65 5 66
=14 — > —3c=14—— —3cs =14 — —3cs = — — 3ca.
R (R T T R TV B R T R TR
The set of solutions is given by
r = L{8 cos 3t — 27 sin 3t} — 5 +cg)e?
T 793 793 ' 7

+coe™ 2 4 cpet cos(V31t) + (% — 3CQ> el sin(V/31), t e R,

where ¢o € R is an arbitrary constant.

Example 2.20 Find the complete real solution of the differential equation

d*x 2z
— +8— +162=0 teR.
P + pTD + 16z , €

A. Linear homogeneous differential equation of fourth order and of constant coefficients. Cf. also
Example 2.21.

D. Find the roots of the characteristic polynomial.

I. The characteristic polynomial R* + 8R? + 16 = (R2 + 4)2 has the two complex conjugated double
roots +2¢. Then the complete solution is

T = 1 cos 2t + co 8in 2t + ¢zt cos 2t + c4t sin 2t teR,

where ¢y, co, c3, ¢4 € R are arbitrary constants.

Example 2.21 Find the complete real solution of the differential equation

d*z d*z ‘. .
W +8W +16.’E:6 sint.

A. Linear inhomogeneous differential equation of fourth order and of constant coefficients. Cf. also
Example 2.20.

D. Find the roots of the characteristic polynomial. Guess on a complex solution of the type z =
¢ et because
(1+i)t

Im e = elgint.
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L. The characteristic polynomial R* +8R? + 16 = (R? + 4)2 has the two complex conjugated double
roots £2¢. The corresponding homogeneous equation has the complete solution

€1 €08 2t + co sin 2t + c3t cos 2t + ¢4t sin 2t teR,

where ¢y, co, c3, ¢4 € R are arbitrary constants.

If we put = ce ™9t into the left hand side of the equation, and let R = 1 + i, we get

c(R? _|_4)2€(1+i)t - c{(l + i) +4}2 p(1FE — c(2i+4)2e(l+i)t

= 4c(2+1)2e( I = 4¢(3 4 4i)e (I,

which is equal to e(**t9t for

1 3—4 3—4i
CcC = = =

AB+4i)  4-(9416) 100

Then a particular solution is
3—4i ; 1
x = Im{TOZ e(lﬂ)t} =100 e' {3 sint — 4 cost}.

Finally, we get the complete solution

1
= met {3 sint — 4 cost} + ¢1 cos 2t + co sin 2t

~+cst cos 2t 4 c4t sin 2t teR,

where ¢1, co, c3, ¢4 € R are arbitrary constants.

Example 2.22 Find the complete solution of the differential equation

@f@fd—erx—cost teR
a3 dt2  dt N ' '

A. Linear inhomogeneous differential equation of third order and of constant coefficients.

D. Analyze the characteristic polynomial. Guess a particular solution.

I. The characteristic polynomial

RP—R*-R+1=(R-1)(R*-1)=(R-1*R+1)

has the simple root R = —1 and the double root R = 1. The homogeneous equation has the
solution
cre”t + coel + cgtel, c1,co,c3 €R, teR.

If we guess the solution = = ¢ - %, we get

$BPr  Pr do

—— ——ta=c{P - —i+1}e" =c{2—2i}e".

a3 d2 dt

81
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. 1 1+1
This is equal to e for ¢ = 79 = % Then a particular solution is given by
—2i

1 » 1
Req ~ (1 +i)e" p = —{cost —sint}.
4 4
Finally, the complete solution is
1 : —t t t
w:Z{cost—smt}—i-cle + e’ + cste’, t eR,
where c¢1, co, c3 € R are arbitrary constants.

Example 2.23 Find the complete solution of the differential equation

A3z Px  dx
— 4=+ 4 =82+ 15 t e R.
dt3 dt? * dt . 1o €

A. Linear inhomogeneous differential equation of third order and of constant coeflicients.

D. Solve the characteristic equation. Then guess a particular solution.

o
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I. The characteristic polynomial
R*—4R*+R—-4=(R—-4)(R*+1)

has the three simple roots R = 4 and R = =i, so the homogeneous equation has the complete
solution

cle4t+02008t+03sint, teR, cq,co,c3ER.
If we then put = = at® 4 bt + ¢, we get by insertion

do e b
dt3 dt? dt

= —4-2a+ b+ 2at — 4at®> — 4bt — 4c
= —4at?® + (2a — 4b)t — 8a + b — 4c.

This is equal to 8t2 + 15, when

—4a = 8§, 2a —4b =0, —8a +b— 4c =15,

1
soa:—Q,bzia:—land

1
C:Z(_8“+b_15): (16 —1—-15)=0.

Fg

Thus, a particular solution is —2t? — ¢.

All things considered we obtain the complete solution
x:—2t2—t—|—c164t—|—chost+03sint, teR,

where ¢q, co, c3 € R are arbitrary constants.

Example 2.24 Find the complete solution of the differential equation

d3z d*x )
F-FSW:SIHL tER

A. Linear inhomogeneous differential equation of third order and of constant coefficients.
D. Find the roots of the characteristic polynomial. Then guess a particular solution.

I. The corresponding characteristic polynomial
R®+3R?* = R*(R+3)

has the simple root R = —3 and the double root R = 0, so the corresponding homogeneous
equation has the complete solution

xr =c] + cot + 036_3t.
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We then use the complex method. If we pu z = a e, we see that

Bz & , :
3 =a (i 3%) ¢ = a(-3 - i)t

This is equal to e** for

1 3. 1
L — — (=341
4T T3 o — 103t

so a particular solution is

zo() = Tm {lio (=34 i)(cost + i sint)}

1
10 {cost — 3 sint}.
Hence, the complete solution is

1 3
x(t)zﬁ cos?f—l—O sint + ¢1 + ot + cge 3, t e R,

where c¢1, ¢, c3 € R are arbitrary constants.

o
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3 Other types of linear differential equations

Example 3.1 1) Find the complete solution of the differential equation

de (48 1) 1 .
at \T+68 ) T ity =

2) Find

t
—dt
/1+t4

by applying the substitution u = t2.
3) Find the complete solution of the differential equation
d*x 4¢3 1\ dx
— —— == = =0, teR,.
dt2+(1+t4 t) dt *
A. Linear differential equation of first and second order of variable coefficients.
D. Apply the usual solution formula.

4¢3 1
— —,t>0, we get

I. 1) From p(t) = T

P(t) = In(1 + t*) — Int,
hence,

t

t)y=e PO = .
p(t)=e T

The complete solution of the homogeneous equation is

t

'm, t>0, ceR.

c-o(t)=c

A particular solution is

- qt) ,  t 1+ ¢t 1
v ‘p(t)/<p(t)dt_1+t4/ T

B t / 1 d — 1
N AR - R
The complete solution of the inhomogeneous equation is

1 N t
= — C -
144 1+t4’

t>0, ceR.

2) First variant. By the substitution u = 2 we get

t 1 1 1 1 ,
/—1 gy, dt = 5 /uzﬁ 72 du = 3 [Arctan u),—sp = 3 Arctan(t?).
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Second variant.
1+t =

hence
t

1+ t4

and thus

t
—dt
/1—|—t4

Decomposition. First note that
2t 1202 = (12 4+1)2 — (V21)?
(82 + V2t + 1)t — V2t +1),

t
(12 = V2t + 1)(12 + V2t + 1)
1 1 1 1
22 12 —V2t+1 2v2 2+2t+1
1 1 1 1

V2
1 1
V2 o1+ (VEE-12

(V202 —2v2t+2 V2

V21)2 4+ 2v/21t + 2
1

1 1 1 1
ﬁ/1+(\/§t—1)2dt_ﬁ/1+(\/§t+1)2dt
= %Arctan(\/it -1) - %Arctan(ﬁt +1).

It can be proved that the two solutions found by two different methods only differ by a

constant.

d
3) If we put y = d—f,

dy 4¢3
=
dt 1+ t4

we get the equation

1

——bty=0, t>0.
iz

This is only the homogeneous equation from (1), so the complete solution is

d
= x_ch

y—a—

t

I

When this equation is integrated we get by (2) that

€T =

= ¢ Arctan(t?) + ¢,

/
c1, C2, ¢y €R,

c1{Arctan(v2t — 1) — Arctan(v/2t + 1)} + ¢2

t>0,

which are two equivalent expressions of the complete solution of the differential equation in (3).

86
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4 Mathematical models

—

44/\V/N;7

Figure 3: A mechanical system, where the mass m to the right is under influence of a force F(¢),
and where the mass to the left is connected with a spring (force of the spring k) and a damper with
corresponding constant c¢. The corresponding differential equation of the movement is

2z dx

Figure 4: An electric circuit with a coil of inductance L, a resistance R and a capacitor of capacity C
and a voltage generator of the voltage V'(¢). The corresponding differential equation is

@V, AV
V+RC’V

L
¢ dt dt

+ V= V().

Example 4.1 Two physical phenomena are indicated on the figures above.

In the first case we consider a mass m, which moves along the x-axis. The mass is under the influence
of a force of a spring k, a damper of constant ¢ and an external force F(t), which we here choose as
Fycoswt.
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In the second case we consider an electric circuit consisting of a coil of induction L, a resistance R,
a capacitor of capacity C, and a voltage generator of voltage V (t). We choose here V (t) = Vsinwt.

We shall consider the following problems in the two cases. In the first case we want to find the
displacement of the mass x(t) from equilibrium, and in the second case we want to find the voltage
V.(t) measured over the capacitor. These two tasks are from a mathematical point of view identical,
i.e. the mathematical model is the same in the two cases. We shall not here derive how we get to this
model.

1) First prove that both differential equations can be written

d? d
(20)£+2ad—£§+w§m:f~coswt, teR.

Here a > 0, and we assume that w > 0.

2) Consider the case where the external force is 0. This corresponds to Fy = Vo = 0, hence

+wiz =0, teR.

Find the condition for that a solution of (21) can be 0 infinitely often, and find in this case the
complete solution of (21).
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3) Then consider (20) without a damper, corresponding to o = 0. Hence

d*x 9
(22) ) +wizr=f- coswt, teR.
Find for every w > 0 the complete solution of (22).

4) For one particular value of w the solutions of (22) are in principle different from the solutions for
all other values of w. Which value? How should one physically interpret the result in this case?

A. Models. Mathematically a linear differential equation of second order and of constant coefficients.
There are given some guidelines.

D. Follow the guidelines.

I. 1) a) If we divide the equation

d? d
m%—i—cd—f—i—kx:Focoswt

by m > 0, we get

d2x+cdm+k Fy y
—t — — + — = — cosw
dt2  mdt m m ’

which we also write

d? d
E§+2ad—f+w3x:f~coswt

for

C k F()
a=—), wp=14{/— og f=—.
2m m m

b) If we divide the equation

d?V, dV,
+RC—t—|—VC:VE)coswt

L
¢ dt? d

by LC' > 0 and put V. equal to z, then

d2x+Rd:1:+1 —Vocost
a2 " Lat et T Lo ‘Y

which is written

d? d
ﬁf—i—Qad—f—&-wg:ﬁ:fmoswt
for
Tor T e * T Io
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2) Let

R 49 dx
aez T

+wix =0, teR,wy >0,
The characteristic polynomial
R+ 20 R+ w2 = (R+a)’ +wi — o?

has the roots

—at/wl —a?, for wg > a,
R=< —a (doubleroot), forwy=a,

—atiyv/a?—wd, for wy < a.

Thus, the complete solution is

a) clexp({—oH— wg—ag}t>+CQeXp({—a— w

for wo > «a,
b) crem® + cate™ ) for wy = a,

c) cie”* cos (t a? — w%) + coe” % sin (t a? — w%) ,

for wp < a.

a > 0.

It follows that if (¢1,c2) # (0,0), then the solutions are only infinitely often equal to 0 in case

c¢). This is seen by writing the solution in ¢) in the following way

[2 . 2 —at ! / 2 C2 : / 2 2
C +C - e ————  COS t aw>+781n(t (04 LL))
b { c? +c3 ( 0 c? + c3 0

2
= \/C%Jrc%-e*atcos( a? watfcp),
where ¢ satisfies

C1 . C2
Sin @ =

2 2’ 2 2"
VAR c+c

Hence the solution takes the value 0, when

cosp =

t, = 71 ( +_7r+ ) cZ
7 o), D .
P a? — wk 2

In the other two cases, only the zero solution is 0 infinitely often.

Then consider

d2
Wf—i—w%x:f'coswt, teR.

The characteristic polynomial R? + w? has the roots 4iwg, hence the complete solution of the

homogeneous equation is

€1 cos wol + ¢o sinwot.

90
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If w # wp, we put & = ¢ - coswt into the left hand side of the equation. Then

d*x 2 2 2
o7 Twir=c (—w® + wg) coswt,
which is equal to f - coswt for ¢ = %, and the complete solution is
wf —w
—5—— Coswt + ¢1 coswopt + 2 sin wot, teR, c¢1,co €R.
Wi —w

On the other hand, if w = wy, then put z = ct sinwgt into the left hand side of the equation.
Then by a small calculation,

dx .

P = ¢ - sinwgt + cwol coswgt,
d2.’L' 2 .

2 = 2wpc coswyt — cwyt sinwot,

= P

(’. [
W\

27\
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hence by insertion,

d*x L2 5 .
— + wjr = 2wyc - cos wot,
gz 0 0 0
which is equal to f-coswgt for ¢ = QL We see that in this case the complete solution is given
wo
by
L t sinwgt + ¢1 cos wot + c2 sin wot, teR, c¢1,c€eR.

QWQ

4) The special case is of course w = wy, where the complete solution is

QL t sinwot 4 ¢1 coswot + ¢ sinwyt, teR, ¢, cy €R,
wo

because we here get an extra factor ¢.

—
—
—
I

<]
]
- |
—

IS

Figure 5: The graph of ¢ sin(3wt).

We note that

lim QLWQ {coswt — coswpt}

w—wo wo —
) —f  coswt — coswyt
= lim .
w—wo Wo + W w — wo
f .
= ——— (—t-slnwpt
5 ( ot)
fto.
= — -sinwyt.
2(4)0

This means that it is also possible to obtain the solution for w = wg by a limit process.

The solutions of the homogeneous equation are the natural eigenfunctions of the system, so the
phenomenon only means that the external force is in resonance with the eigenfunctions. We
note that ¢ sinwgt oscillates between +t¢, so the maximum grows to infinity, when ¢ tends to
infinity.
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Example 4.2 Let us return to the electric circuit of Ezample 4.1. Assume that V (t) = Vy coswt, and
that we want to find the voltage V.. It can be proved that we have for given V,(t),

d*Ve dVe
L — = .
C 7 + RC 7 + V. =V coswt
Assuming all this we consider the differential equation
d? d
(23) W§+2ad—f+w8m:f-coswt, t € R,

where all constants are positive. Let xo(t) denote the solution which is obtained by the complex method
of solution.

1) Find A(w), such that xo(t) can be written
xo(t) = A(w) cos(wtOp(w)),
where the exact value of p(w) is not required.

2) Find for every value of a and wy, the mazimum of A(w), w > 0, and the value of w, for which we
get this maximum.

A. Linear differential equation of second order and of constant coefficient. The complex method of
solution is requested.

D. Put x = c¢- €™, find ¢, and put x¢(t) = Re z(t).

I. If we put = = c- €™ into (23), we get

ZQTS +2a2—f +wir=c(-w?+2iaw+uw]i) e,
which is equal to f w e™? for
B frw frw{(wg - w?) —2iaw}
C_wg—wQ—i—Ziozw_ (W8 —w?)? +4a20?
Hence,
xzo(t) = Re { (w%—wg);j—élaQwQ [wi —w? —2iaw] ei“’t}
frw

- (WE—w?)2 440202 {(Wg —w?) cos wt+2aw sinwt }

2

fw Wi —w "
= Cosw
V(W2 —w?)2+4a2w? | /(w3 —w?)?+4a?w?

20w inwt
- V(W2 —w?)? +4a2w? e

= A(w) cos(wt + ),

Alw) = / ‘: .
\/(wg —w?)” +4a2w?
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Then by a differentiation,

Aw)= f- (w2 —wd)?+402w? —w{2w(w? —w?) +4a’w?}
— 0 ,
{(w2 —w?)? 4 4a2w2} ’

which is equal to 0 for

0 = (W?—wd)?+40%w? — 20*(W? — wf) — 4aPW?

- (w2 — wg) (w2 +w(2)) ,
i.e. for w = wg.

At the same time it is seen that A’(w) > 0 for w € [0, wp[, and A’ (w) < 0 for w > wy, so

Jwo _f
V02 + 4aw? 2/

is the maximum corresponding to w = wy.

A(wo) =
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Example 4.3 Let us assume the same model as in Example 4.1. Consider the differential equation

d? d
(24) Wf—l—Zozd—j—ngm:f-coswt, t € R,

where the constants o, wg and w are all positive.
Let x0(t) denote the solution which is obtained by the complex method of solution.

1. Prove that xo(t) can be written
zo(t) = A(w) cos(wt + p(w)), teR,

where

f

A= T e

2. Prove that for every solution x(t) of (24),

z(t) —zo(t) — 0 fort — +o0.

Due to the result in (2) we are mostly interested in the solution xo(t). For fized w let xo(t) denote
an oscillation of the amplitude A(w). This amplitude therefore depends of the frequency of the angle
w on the right hand side of (24). Considered as a function in w we call A(w) the characteristics of
amplitude of the differential equation (or of the corresponding physical system).
3. Find the mazimum of A(w), w > 0, and the value of w, for which this mazimum is attained.

(One shall be very careful here and the right time distinguish between the two cases.)

A. Linear differential operator of second order and of constant coefficients. Amplitude. There are
some similarities with Example 4.2.

D. Solve the equation by the complex method. Prove that every solution of the corresponding ho-
mogeneous equation tends to 0. Find the maximum of the amplitude.

I. 1) If we put z = ¢ - €™ into the left hand side of the equation, we get
(—w?® + 2iow + wi) ce™,
which is equal to f - e™* for
f
2

‘- (wg — w?) + 2iaw

/  wi—w — 2iaw
V(Wi —w?)2+(20w)? \/(wg—w2)2+(2aw)2'

We note that the last factor is a complex unit vector, hence there exists a ¢ = ¢(w), such that

(w% —w2) —2iow

VA=
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Using this ¢ = ¢(w) the solution becomes

zo(t) = { i —w2 o -e‘iw-eiwt}

= N CEmE - cos(wt + )
= Aw) cos(wt+ ®),

V(g —w?)?+(20w)2

2) For every solution xz(t) of (24) we have that x(t) — xo(t) is a solution of the corresponding
homogeneous equation. the characteristic polynomial is

R*+2aR +wi = (R+ a)® +wi — o
Thus the roots are

—a+/a? —wd, for a > wy,

R=1<¢ —a (doubleroot), for a=wy,

—atiy/wi —a?, for a < wy.

Clearly, Re R < 0 in the latter two cases. Since \/a? —w? < «, this is also true in the first
case, SO
’eRt’:etReRHO for t — o0,

because Re R < 0, and the claim is proved.

3) The function A(w) attains its maximum, when
bw) = (@) + (20w)°
= (- wg)2 + 40’w?, w >0,
attains its minimum. We get by a differentiation,
P (W) =2(w” — w) - 2w+ 8% w = 4w {w? — wi +2a°}.
Here, we distinguish between the two cases:
a. wi <22, b. wi > 20

a) If w? < 202, then w? — w2 + 2a% > 0 for w > 0, hence ¥’ (w) > 0 for w > 0. The minimum
is attained for w = 0, corresponding to

$(0) =wg and  A(0) = ==, wg <202
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b) If w? > 2a?, then ¢'(w) < 0 for 0 < w < /w3 —2a?, and ¥'(w) > 0 for vwy — 202 < w.
The minimum is obtained for w = /w3 — 2a2, corresponding to

Y(w) = (wo—{wg— 2@2})2 + (2a/wE — 2a2)?

= (20%)? + 40 (Wi — 207) = 40 (Wi — a?).

Finally, we get the maximum of A(w) for w = \/w? — 22, and its value is

A(W) - /

o (Vi —2a)
f

S S S

)
20&\/&)3 —a?

Example 4.4 A particle of mass m moves in the (z,y)-plane under the influence of the force ¥ = k-v,
where k is a constant, and v denotes the velocity of the particle. The force F is therefore always
perpendicular to the velocity v.

An example of such a force is given by the movement of an electron in a homogeneous magnetic field
perpendicular to the (x,y)- plane. Another example is a rolling ball on a rotating foundation.

We get from Newton’s second law,

dv

mE:kv

If we put v(t) = (vi(t),vy(t)), then

dvg(t) k
- Uy(t)a
20 ann

We shall here take this for granted.

1) Derive from (25) a differential equation of second order in v,(t) and then find every possible
expression of the velocity v(t).
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2) Let z(t) and y(t) denote the coordinates of the particle, and assume that
z(0) =z,  y(0)=0,  v(0)=0 og vy(0)=vo,

where vg # 0. Then find the movement of the particle, i.e. find x(t) and y(t). Prove in particular
that the movement takes place on a circle.

A. Derivation of a linear differential equation of second order for v,, and the solution of this equation.
Then find the movement.

D. Differentiate the first equation of (25), and then insert into the second equation. Solve the equa-
tion.

I. 1) We get from (25),

2
2 d Ux(t) = —km d’”y(t) _ —kzvx(t),

e dt

hence the equation can be written

(26) Tl 4 (5)2%@) ~0.

dt? m
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This is a linear and homogeneous differential equation of second order and of constant coeffi-
cients. The characteristic polynomial

k} 2
R2+<—>
m

k
has the roots +i —, hence the complete solution of (26) is given by
m

k . k k
ve(t)=cicos | —t ) +cosin| —t)=Acos| —t+¢].
m m m

From this expression and the first equation of (25) we then get

vy(t) = %

z(0) =z0, y(0)=0, v,(0)=0, v,(0)=wy#0.

mAvt) _ <£t+<ﬂ> .
dt m

Therefore, the possible solutions are given by

(va(t), v, (1) = A (cos (% t+ go) ,sin (% t+ 90)) .

dx
2) Now, let — = v,
) Now, le o =

d
(t) and Y vy (t) with the initial conditions

dt

Then we conclude from (1) that

(va(t), v, (1) = A (cos (% t+ 90) ,sin (% t+ go)) .

If we put ¢t = 0, we get

(v2(0),vy(0)) = (0,v9) = A (cos ¢, sin p),

thus A = vy and ¢ = g Then

v _ (t) = vg cos ktJrﬂ = -
dt A m 2)
dy

By an integration,

z(t) =w ™ cos Et +c
=vo- % m 1
) =vo- T sin (X4 +
y = Vo k S m cQa
hence
cl—x(O)—vo-Z—xo—%,

k
—t
m

(o)
vosin | —1t |,
m

— =,(t) = vpsin ﬁt—i—z = v Ccos
a0 m 2)

).
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The solution is

(x(t),y(t))

(c1,¢2) + % <cos <£ t) ,sin <£ t))
m m
B vom vom [k . E
= (a:o——k ,yo)-i-—k <COb (Et>,bln (mt)>’

for t € R,

which describes a circular movement with

Vom Vom
centre: (xo— OT,yO) and radius: ’OT .

Example 4.5 On the figure is shown a setting up, where a horizontal disc is turned with a constant
velocity of the angle ). the mass m moves frictionless in a pipe which is fixed on the disc, and k is the
resistance of the spring. Let x(t) denote the oscillation of the mass from equilibrium. The constants k
and m are in the following kept fizved, and the movement of the mass then only depends on the velocity
of the angle ). It can be proved that we as a mathematical model can use the differential equation

&2 k
(27) Fff+<——s22>x=0, t>0.
m

Figure 6: A disc rotating with the velocity of the angle 2 with a particle m fixed to a spring k in a
pipe which is fixed on the disc.

1) Find the values of Q € [0,4o00], for which the mass oscillates harmonically (i.e. like either a cosine
or a sinus).

2) If the mass does not oscillate harmonically, then describe its movement. The model (27) only gives
a few possibilities, which should be indicated.

3) Find Q, such that (27) has a solution x(t) satisfying

z(t) — 0 for t — +o0, z(0) =1, 2'(0) = —\/g.
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A. A mathematical model, which eventually is reduced to a linear and homogeneous differential
equation of second order and of constant coefficients.

D. Analyze the characteristic polynomial. Solve the equation.

I. 1) The characteristic polynomial

s (5
m

has the roots

+4/02 — —, for Q@ > 4/ —,

R=4¢ 0 (double root), for Q= L

)

iiq/ﬁ—QQ, f0r0§Q<1/£.
m m

Only pure imaginary roots can give harmonic solutions, so we conclude that the mass oscillates

| k
harmonically, if and only if Q € [0, — l
m

IfQ =4/ E, then the solutions are
m

e

T = c1 + cat, teR, c¢1,ceR,

so either the particle is lying permanently in the position = ¢; (when ¢ = 0), or it tends to
+00 (depending on the sign of ¢q) for ¢ tending to infinity.

[k
IfQ > g then the solutions are

T =1 exp (\/92—£t> + C2 exp (—\/QQ—ﬁt)
m m

If ¢y = 0, the movement of the particle is damped, i.e. it tends to the position of rest x = 0 for
t — +o0.

If ¢y # 0, then |z(t)| tends exponentially towards +oo.

In practice, none of the unbounded solutions can be realized, because the spring will be torn
into pieces for large t > 0.

If 2(t) — 0 for ¢ — 400, then we must according to (2) either have the zero solution (which is
not possible, because x(0) = 1), or

x—c~exp<\/§22£t>, Q>\/£.
m m
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Then
dx / k / k k
— = /2 - — — /2 — —t | = —4/Q%2 — — - 2(t).
dt ¢ m P m m z(t)

|k
From z(0) = 1 we get that ¢ = 1. Furthermore, since 2'(0) = —y/ —,
m

/ k [k 2%k
2= === dvs. Q=2
m m m

From Q > 0 we get

2k k
Q fd R > J—
m m
. 5, kK k L
Since 2 — — = —, the wanted solution is
m m

k
wexp(—t), teR,
m

which clearly satisfies the given conditions.
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Example 4.6 Consider a shaft, which is supported in its two end points. These are described on the
oriented shaft by x =0 and x = ¢, where { denotes the length of the shaft. When the shaft rotates, it
can under certain conditions rotate in a bent form.

Figure 7: Sketch of a rotating shaft with the bending u(x).

the differential equation for the bending u of a rotating shaft is

d*u pw?

(28) (BD) 7 — (7> u=0,

where p indicates the weight per length, and w the constant velocity of the angle, and g the gravity,
and E the module of elasticity of the shaft, and finally, I a cross section constant. The differential
equation only gives a good description for a small bending.

1. Find the complete solution of (28).

That the shaft can rotate in a bent form can be proved to be equivalent to that (28) has a solution
which is not the zero solution, where

We call the values of w, for which this phenomenon occur for the critical velocities of the angle.

In the rest of this example we shall find these velocities of the angle. Therefore, consider a solution

u(z) of (28).
2. Prove that the conditions u(0) = u”(0) are satisfied, if and only if uw(z) can be written
u(z) = dy sin(kx) + dg sin(kx),
for some constants di and da, where k is referring back to (28).
3. Then prove that if u(f) = u"(¢) =0, then dy = 0, and then find the critical velocities of the angle.

A. Linear homogeneous differential equation of fourth order and of constant coefficients.

D. Find the complete solution. Insert the boundary conditions.
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I. 1) The characteristic polynomial

2 2 2 2
pbw 4 DWW 2 pbw 2 pbw
EI-R*-~— =EI - =) =FI — == —
f g (R gEI) f gEl e gET
has the roots
2 2
bw 4 PW
=+ 2 = i B
B==\lygr  B=5\4Er
If we put
2
pw
k=k(w) = —=
w) = {2
then the complete solution becomes
u(z) = ¢ cosh(kx) + cgsinh(kz) 4 c3 cos(kx) + ¢4 sin(kx),
teR, c1, ..., cq €R.

2) Let
u(x) = ¢ cosh(kc) 4 cosinh(kx) + 5 cos(kx) + ¢y sin(kx).
Then
u”(x) = c1k? cosh(kx) + cok? sinh(kx) — c3k? cos(k) — cak? sin(kx).
From u(0) = »”(0) = 0 we get
c1+ce3=0 and k2(01 —¢c3) =0,
so ¢; = ¢z = 0, and thus

pw?
u(z) = cosinh(kx) + cq sin(kz), k=k(w)={ TR
3) Furthermore, if u(f) = u”(¢) = 0, then we get for the solution u from (2) that
u(l) = 0= cysinh(kl) + cysin(kl),
u’(0) = 0= cok?sinh(kl) — cyk? sin(kl),
so it follows immediately that
cosinh(kl) =0 and ey sin(kl) = 0.
Now, k¢ > 0, so sinh(k¢) > 0, and it follows that co = 0.

It only remains the term

2
. w
u(x) = ¢y sin(kx), k=y %,
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where the condition is

2
o<k£:f/%-e:m, neN.

The task is to find all possible w for which this holds. Since

o J9EI nm
w = N

» 7 n €N,
we finally get
EI 72
w = 97~Z—2-n2, n € N.

Example 4.7 A cable, which is fastened in two points, is hanging under the influence of its own
weight. Place a usual (x,y)-coordinate system such that the origo lies at the lowest point of the cable
and such that the x-axis has the same direction as the tangent at this point. By a consideration of the
equilibrium it can be proved that the cable describes a curve y = (), which satisfies the differential
equation

2y W dy\ 2

where W and K are positive constants.
d
1) Find the complete solution of (29) by first finding d—y
T

2) Then find y = p(x).
(The result gives the reasons for why the graph of this function is often called the chain curve.

A. A non-linear differential equation of second order, which can be reduced to a system of two
differential equations of first order

d
D. Put u= d—y, and then separate the variables. Exploit that the minimum lies at (0, 0).
x

d
I. 1) If we put u = ﬁ, then (29) becomes

du W dy
W_T i —_
dr rkVITY v E g

The first equation is solved by separating the variables:

—x+c du = Arsinh u,

1
K B / V14 u?
hence

d . w
uzﬁzsmh(E@"—i—cl).
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Then by a simple integration,

y—Wcos K:v c1 Co.

2) If = 0, then ¢(0) = 0 and ¢'(0) = 0, so

K
©0(0) = W cosh(ey) + 2 =0, ©'(0) = sinh(cy) = 0.

From the latter equation we get ¢; = 0, which by insertion into the former one gives

K K
2=~y cosh 0 = W

Thus the solution is

Y= o(a) = %{cosh (%Q —1}.
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Example 4.8 Consider a beam of length ¢, which is clamped at its left end point, while it in its right
end point is under the influence of a pressure P. Let u(x) denote the bending of the beam (cf. the

figure).

Figure 8: A clamped beam under influence of a pressure P from the right.

It turns up that the beam is only bending due to the force P in some special situations. We shall
discuss this by using the mathematical model of the differential equation

dt &2
30) L84 pEY o o<az<t, P>0,
dxl dx?

where for every bending u(x),

(31) u(0) =0, «'(0)=0, wu()=0, «"(£)=0.

We shall take all this for granted in the following.

1) First find the complete solution of (30).

2) Then find all solutions of (30), for which the conditions in (31) are also fulfilled.

3) Find those values of P, for which the beam is bending, i.e. where u(x) is not identically zero, and
find the corresponding bending u(x).

A. Linear homogeneous differential equation of fourth order and of constant coefficients. There are
given some guidelines.

D. Follow the guidelines (the characteristic polynomial etc.).
I. 1) The characteristic polynomial
R*+ PR? = R*(R®> + P), P >0,
has the roots
R=0 (doubleroot) and R =+iVP,
so the complete solution of (30) is
w(z) = ¢1 + cox + c3 cos(VP ) + ¢y sin(vVP ), x €[0,4,

where c1, ..., ¢4 € R are arbitrary constants.
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2)

If
u(z) = 1 + c2w + ez cos(VP z) + ey sin(VP x),

then

d2
d—z = —¢3P cos(VPz) — ey P sin(VPz).
T
Then by insertion into (31),
w(0) =0 = ¢y + c3, v’ (0) =0= —c3P,

thus ¢3 = ¢; = 0, and it only remains
u = cox + ey sin(VP x), % = —¢,Psin(VPu).

If u(f) ="’ (¢) = 0, we clearly get col = 0, i.e. co = 0, so the possible solutions are
u=c-sin(VPz),

where

u"(0) =0 = —cPsin(VPY).

Since ¢ # 0 for a bending, we must have sin(v/P - £) = 0. This condition means that

VP -l =nnm, ie. P:(%)Q7 n € N.

According to (2) the solution is only different from the zero function, if

P, =— -n", n e N.
In this case,
u(:r:):c-sin(\/Pna:):c-(%-rwc)7 x € 10,4],

where ¢ € R and n € N.

Note in particular that the arbitrary constant ¢ € R cannot be fixed by the given conditions.
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Example 4.9 Consider a beam of length £, which is clamped at its left end point, while it at its right
end point is under the influence of a pressure P. Let u(xz) denote the bending of the beam, cf. the
figure. Unlike Example 4.8 we here assume that the bending has a horizontal tangent at the left end
point.

N\@%

Figure 9: A clamped beam experiencing a pressure from the right.

We use as a mathematical model the differential equation

&t &2
(32) d—;‘jtpd—;;:o, 0<z</{ P>0,

where for every bending u(x),

(33) u(0) =0, u'(0) =0, u(¢) =0, u’(0) = 0.
We shall take the above for granted in the following.

1) Find the complete solution of (32).

2) A real bending of the beam corresponds to an non-zero solution u(x) of (32), for which the condi-
tions (33) are fulfilled. Prove that this only is possible, if

tan(VP () = VP L.

3) Find every possible bending of the beam.

A. Same differential equation as in Example 4.8, i.e. a linear homogeneous differential equation of
fourth order and of constant coefficients. Only the boundary conditions have changed. There are
given some guidelines.

D. Follow the guidelines.
I. 1) This is the same question as (1) in Example 4.8.
The characteristic polynomial

R'+ PR? = R*(R* + P)
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has the roots

R=0 (doubleroot) and R==+iVP.
Therefore, the complete solution is

T =c1 4 cot + czcos(VPx) 4 ey sin(VP z),

where c1, ..., ¢4 € R are arbitrary constants.
2) Let

U= ¢1 4 cox 4 c3 cos(VP x) + ¢4 sin(VP ).

Then
% = ¢y 4 c4VPcos(VPx) + csVP sin(VP ),
x
u?u .
= = —c3P cos(VPx) — ey P sin(VP z).
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It follows from (33) that

u(0) =0=r¢c1 + c3,
u'(0) =0 =cy + csVP,
u(l) =0 = ¢y + col + ez cos(VP L) + cysin(v/PY),

u'(l)=0=—P {Cg cos(VP L) + cy Sin(\/}_DE)} ,
from which immediately follows that ¢; + cof = ¢; + ¢3 = 0 and

¢z cos(VP ) 4 ¢4 sin(vVP L) = 0.

Hence
tan(vV P /) = —g,
Ca
. C2 . .
and since ¢y = ——= and c¢3 = cof, we get by insertion,
VP
l
tan(VPl) = —— 2 =VPl  QED.
VP

Figure 10: The intersection points = = P/ of the curves x and tan z.

3) If we use ¢ = cq as our parameter, if follows from (2) that
cp=—-c3=-—c-l, co=c, c3=c-l c4=—c,
and the solutions are

u(z) = c{f -cos(VPz) —sin(vVPz) — (f — x)} ,

where /P - £ satisfies the equation

tan(vVP () = VP L.

We note that ¢ € R can be chosen arbitrarily, so the solution is not uniquely determined by

these conditions.
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Example 4.10 Consider a disc, which rotates with a constant velocity of the the angle Q). An elastic
rod is fastened in one of its end points to the periphery of the disc, while there in the other end point
is a particle of mass 1. We shall furthermore assume that the length of the rod is 1. We denote by
x(€) the deviation of the rod from the diameter of the disc (cf. the figure).

Figure 11: Rotating disc with an elastic rod fastened to its periphery.

The radius of the disc is r. When the disc rotates, the rod will (only) bend for some values of Q.

For simplicity we shall only consider that situation, where the bending x(€) fulfils (1) = 0.1. As a
mathematical model we shall use the differential equation
d3x

(34) d—€3+92(r—1)2—j:92-0,1, 0<e<1,

and for a bending where x(1) = 0.1 we shall also require that
(35) x(0) =0, 2'(0)=0, 2"(1)=0, =z(1)=0,1.

1) Find the complete solution of the differential equation (34) in each of the cases v < 1, r =1 and
r> 1.

2) Let us consider the case v < 1. First find the complete solution of (34) by means of the hyperbolic
functions. Then prove that (34) has a solution which satisfies the conditions (35), only if the
velocity of the angle Q satisfies

tanh(Qv1 —r) =rQvV1—r.

A. I found this example in some book on Calculus, and I must say for one that I feel quite uneasy
with the physical model. In the original example the condition of the bending was z(1) = 1,
which means that the rod is always perpendicular of the diameter! When I pointed this out to the
authors, the condition was changed to x(1) = 0.1. This is still wrong, because we must assume
that the bending is perpendicular to the diameter, and the most natural thing would be to place
the coordinate system along the diameter. This violates the geometry of the problem! In fact,
draw the cord between the particle and the point of the rod on the periphery. Then this cord is
clearly shorter than the length 1 of the rod, and on the other hand it is also the hypothenuse of a
rectangular triangle, in which one of the shorter sides (given by the projection of the particle onto
the diameter) is 1. This is not possible in Euclidean geometry.
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Finally, we must consider the possibility of the coordinate axis to follow the elastic rod. But then
the condition x(1) = 0.1 on the particle implies that it must move on a line parallel with the
diameter in the distance of 0.1, so there must be a groove here. I can find nothing of the kind in
the example, so this is an unhappy example of a mathematical model where the requirement of
being solvable forces the authors to even violate the Euclidean geometry.

Let us forget the physical model, which apparently cannot be repaired in a reasonable way, and
instead turn to the mathematical task which still has a well-defined meaning, and which can
be solved. We have a linear inhomogeneous differential equation of third order and of constant
coeflicients.

D. Find the roots of the characteristic polynomial in the three cases r < 1, r = 1 and r > 1. Guess
a solution.

I. 1) The characteristic polynomial is
R+ (r—1)R=R{R*+Q* (r—1)}.
a) If 0 < r < 1, then the roots are
R=0 and R =40 m,
and the complete solution of the homogeneous equation is
z() = ¢y + ¢z cosh(QV1 — 7€) + c3sinh(Q V1 — 7 £), e 0,1],

where c¢1, c3, c3 € R are arbitrary constants.

We immediately guess the particular solution z = , so the complete solution is

¢
10(1 - )

x(l) = + ¢ + cacosh(QV1 —rd) + e3sinh(Q V1 —rf).

10(1 —7)
b) If r = 1, then R = 0 is a treble root, so the homogeneous equation has the complete solution
1 + 120 + e3l?, tel0,1], ¢, c2,c3€R.

We guess the particular solution = ¢ - £3. Then if follows from (34) that 6¢ = —0,1 - Q2,
ie.c= ~50 0?2, and the complete solution is
1
x(f):—@ﬁﬁ?’—i—cl—&—cﬂ—l—cﬂz, tel0,1], ¢, c2,c3€R.
¢) If r > 1, then the roots are

R=0 R=+iQVIi—r,
¢

and a particular solution is t = ————
P 10(r — 1)

. Thus the complete solution is

z(f) = —ﬁ +c1 4 cacos(QVr — 14) 4+ e3sin(Qvr — 14),

where ¢ € [0, 1], and where ¢1, ¢, c3 € R are arbitrary constants.
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2) Let r < 1. According to (1a) above, the complete solution of (34) is

z(l) = 00 =7 + 1+ cacosh(Q V1 —r ) + egsinh(Q V1 —rf).
Hence
z'(0) + 31— cosh(QV1—7rl) + coQy/1—7rsinh(QvV1—7rl),

T 10(1—r)

2" (0) = c20%(1 — 1) cosh(QV1 — 70) + ¢30%(1 — ) sinh(QV/1 — r£).

We get from the boundary conditions (35) that

z(0) = 0=c1+ cz,
2'(0) = 0—10(17 )—&—039\/1—7“
(1) = O =021 - 7‘ ) {c2 cosh(/T = 1) + c3sinh(Qv/1 —7)},
z(l) = 1—0 = 10(1 9 + ¢1 + ¢ cosh(Qv1—71) + c3sinh(Qy/1—7).
Student Student Money A Happy
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Then from the third equation,

tanh(Qv1 —r) = 2

C3

We conclude from the third and the fourth equation that

O U U
‘710 1—+) " 10 1—+

SO

1 T
10 1—r
by the first equation.

Coy —

Finally, it follows from the second equation that
1 1
10 Q1 —7r)VT—7r

Then by insertion,

C3 =

L~ —rVI—r) =rQVI—7

tanh(Q\/l—r):—C—lz— 1=

C3

Sl~[sl~

as required.

Example 4.11 We have for a pipe formed chemical reactor the differential equation

ﬁ—d—x—§c——7ex —lac —6ex —lx
d? dr 4T TP\ PA27)

where ¢ denotes the concentration of some unspecified matter, and where x is a coordinate.
1) Find the complete solution.

2) Find the particular solution c(x), for which

dx
e

c(0) =2 and

A. Linear inhomogeneous differential equation of second order and of constant coefficients.
D. Find the roots of the characteristic polynomial; then guess a particular solution.

I. 1) The characteristic polynomial

3 3 1
2 _p_ 2 _ 9 L
R°—R 1 (R 2>(R+2)

1 3
has the two simple roots R = —= and R = 5 Therefore, the corresponding homogeneous

equation has the complete solution

1
co(z) = ki exp <—§x>+kgexp (gx), reR, ki, ks eR.
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1
Then guess on ¢1(x) = k exp <Z x) , which by insertion into the left hand side of the equation

-2 ()

gives

s
[ ] e
|
o
=18
|
AN
(e}

I I
[ e

— DN

c>|“’/\

x> |

N

L ~—

VRS I

| [\v]

N |

S

7

! |

1
This is equal to —7exp <_Z x) for k = 16.

1
Since exp (—5 x) is a solution of the homogeneous equation, we change our guess to co(x) =

1
k- x exp (—5 x> Then

%—k 1 T e —lx
dr "\ 2)t P T2

and

e (1Y AN 1
e 5 T exp 2x exp 2:17 s

1
= —2k exp (—5 gc) .

1
This is equal to —6 exp <—§ a:) for k = 3.
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